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A database of simulations of fundamental turbulent H2/O2 and H2/Air shear
layer flames has been developed using the direct numerical simulation technique in
which all length and time scales of a flow are fully resolved without resort to turbu-
lence modeling. The formulation includes the fully-compressible form of the govern-
ing equations, a pressure dependent detailed chemical kinetics scheme (9 species, 19
steps), a cubic real gas equation of state, realistic property models, and generalized
heat and mass diffusion models. Simulations were conducted for a temporally devel-
oping shear layer geometry and cover a wide range of initial pressures (1 atm ≤ P0 ≤
125 atm) and flame Reynolds numbers (850 ≤ Re0 ≤ 4500). These supercomputing
simulations are the largest yet performed for high pressure conditions to the author’s
knowledge. Computational requirements for the largest simulations included mesh
sizes of ∼ 3/4 billion grid points and ∼ 2.2 million CPU-hrs conducted on nearly
4,000 CPU cores on Clemson’s Palmetto cluster.
The database was then used to perform several analyses relevant to turbu-
lent combustion modeling at large pressure. The first analysis examines H2/O2 and
H2/Air simulations at initial pressures of 100 atm and 35 atm, respectively, in the
context of large eddy simulation (LES). Specific attention is given to the subgrid
mass flux vector as this term is unclosed and often neglected in LES simulations.
Results suggest the subgrid mass flux vector to be non-negligible in localized regions
ii
of large temperature subgrid scale (sgs) variance and filtered sgs scalar dissipation.
This term is also shown to diminish, but remain significant, at higher Reynolds num-
bers as well. The next analysis focuses on the effects of differential diffusion (DD)
on the overall flame structure of flames as a function of pressure (1 atm ≤ P0 ≤
125 atm). Each simulation is also repeated with all Lewis numbers set to unity; a
common assumption in turbulent combustion modeling. The evolution of the H2/Air
flame is shown to be significantly altered by the unity Lewis number assumption and
these differences are shown to increase with pressure. Spectra for the scalar field show
that these DD effects are mostly confined to the high wavenumbers. However, these
small scale differences significantly alter even the lowest order scalar moments; most
notably those closely related to extinction/re-ignition phenomena. Further analysis
shows high pressure H2/O2 flames subject to the same detailed/unity Lewis number
diffusion models do not show significant differences in the evolution of the flame or
in low order scalar moment predictions due to the fast equilibrium nature compared
to H2/Air chemistry.
The final analysis focuses on the characteristic length and time scales that
identify those regimes consistent with flamelet models in the highest Reynolds num-
ber H2/O2 and H2/Air flames. A chemical time scale analysis shows the rate-limiting
behavior to be strongly related to the local fuel consumption/production rate. Also,
the significant amount of local extinction/re-ignition in the H2/Air flame leads to
partially premixed behavior during the unsteady development of the flame and al-
ters the flame’s response to a given scalar dissipation field. By utilizing the scalar
dissipation a priori, good agreement between reactive scalars and mixture fraction is
observed for those scalars with reaction zones on the order of the Kolmogorov length
scales; consistent with commonly held flamelet theories. However, temperature and
several minor species, such as the hydrogen radical, do not correlate as well with
iii
mixture fraction (especially for the H2/Air flame). This behavior is attributed to the
stricter requirement for these scalars to obtain reaction zones comparable to the Kol-
mogorov scale. The results of this study provide a wealth of information required for
improving predictive turbulent combustion models; particularly at large pressures for
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Turbulent combustion arises in many real-world applications and, despite
decades of research, the problem posed by turbulent interactions with chemical reac-
tions is far from solved. The range of applications for turbulent combustion includes
some of the most basic flows, such as a pilot flame in a gas burner, to very compli-
cated flows, such as flames burning inside automobile, gas turbine, and rocket engine
combustion chambers. The scientific interest in these flows is somewhat obvious as
maximizing power generation and minimizing environmental effects are some of the
most active areas of current research. Hydrocarbon based combustion occurs in a
large majority of combustion applications including automobile and gas turbine en-
gines. However, recent interest has been directed towards hydrogen based combustion
as hydrogen offers several advantages. For example, syngas/hydrogen combustion un-
der typical gas turbine operating conditions for power generation is an active area of
research. This is due in large part to the drastic reduction in greenhouse gas emis-
sions these fuels offer over the typical hydrocarbon fuels used for power generation [1].
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In aerospace propulsion applications, hydrogen is one of the most widely used fuels
as its short ignition times and high flame temperatures make it ideal for rocket and
supersonic jet applications. Modern rocket engines often burn some form of hydro-
gen/oxygen mixture while supersonic jet applications, such as the scramjet design,
operate mostly on hydrogen/air combustion [2]. A comprehensive review of hydrogen
based combustion applications is beyond the scope of this thesis as only a reference
to practical applications is intended. The focus of this work is the simulation and
modeling of hydrogen based turbulent combustion flows at thermodynamic conditions
near those encountered in applications such as those mentioned. Nevertheless, the
results of this study are applicable to turbulent non-premixed combustion in general;
hydrogen combustion being used as one example flame.
In all of the aforementioned flows, the combustion process occurs over a large
span of initial and operating conditions. These conditions often include reacting fluids
at temperatures and/or pressures above the thermodynamic critical point (or “critical
locus” for a mixture). For example, gas turbines burning syngas/hydrogen fuels can
operate at pressures and temperatures up to ∼ 35 atm and ∼ 1000K, respectively,
which is above the critical locus for the mixture [3]. Likewise, the hydrogen and
oxygen that mix and burn inside the combustion chamber of the space shuttle can
reach temperatures and pressures of∼ 4000K and∼ 200 atm, respectively [4]. Finally,
the hydrogen/air mixture inside a scramjet combustion chamber is at subcritical
pressures (∼ 3 atm) but supercritical temperatures (∼ 3000K) [2].
One defining characteristic for all supercritical flows is the absence of “droplets”
and “vaporization” due to the inability of the fluid to experience a phase change
[5, 6, 7, 8, 9]. For the purposes of this work, the term “supercritical” characterizes a
flow in which either the temperature or pressure is fixed above the critical value as
phase changes are absent once either of these conditions occur. Also, in both of these
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flows the turbulent and molecular mixing interactions with the chemical reactions
play a vital role in the overall efficiency and/or emissions output. A large portion
of this dissertation focuses on molecular mixing at these subcritical and supercritical
conditions within a turbulent combustion flow field.
Within the reacting flows setting, at both low and high pressure, the effects
of molecular mixing have been shown to have a significant contribution to the global
properties of the flame; particularly for non-premixed combustion which is the fo-
cus of this study. Several diffusion phenomena, including multicomponent, differen-
tial, and cross diffusion, become significant in combustion settings and many stud-
ies have been conducted that seek complete and accurate descriptions of molecu-
lar transport at low (Refs. [10, 11, 12, 13, 14, 15, 16, 17, 18, 19]) and high (Refs.
[20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 11, 31, 12, 32, 33, 34]) pressures. For clar-
ification purposes, this work defines “multicompoenent diffusion” as diffusion of one
species due to gradients of other species (not only its own), “differential diffusion” as
differences in mass diffusivities (and therefore Lewis numbers) between each species
pairs, and “cross diffusion” as the diffusion of thermal energy (mass) with respect to
concentration (temperature) and/or pressure gradients. These studies show that it
is imperative to have a proper description and understanding of the pertinent molec-
ular transport mechanisms for a given flow. The difficulties in accurately modeling
the fluid mechanical and molecular transport aspects of reacting flows over the vast
amount of thermodynamic states in which they occur make combustion studies (of
both laminar and turbulent nature) some of the most difficult problems for scientists
and engineers to solve.
For such studies, both experimental and numerical techniques have been used
extensively as both offer certain advantages. Experimental techniques can repro-
duce large scale, practical flows in a laboratory setting. However, measurements
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at the smallest scales of the turbulence and chemistry are challenging. Because of
these measurement limitations, experiments that seek to resolve all length and/or
time scales are limited to relatively small Reynolds number flames [35]. Experimen-
tal methods for turbulent combustion is an ever growing area of research; however,
practical turbulent flames are still far from being completely resolved. Nevertheless,
results from these lower Reynolds number flows offer vital information that is used to
understand the turbulence, chemical, and diffusive interactions for large scale, prac-
tical flows. The scope of this research does not include experimental techniques as
only numerical simulations are conducted.
Numerical techniques have proven themselves to be a useful tool for turbulent
combustion research [36]; however, they are not without their difficulties. The diffi-
culties arise from the highly non-linear, complex, and extremely sensitive governing
differential equations that, for the most part, do not lend themselves to accurate solu-
tions without massive computational resources. The large computational requirement
stems from the wide range of length and time scales needed to accurately resolve most
turbulent reacting flow fields. Much like experiments, numerical simulations seeking
to resolve all pertinent length and/or time scales are limited to small scale, research
specific type flows. Such a simulation is commonly referred to as a direct numerical
simulation (DNS). Studying these low Reynolds number, canonical type flows from
a numerical perspective offers fundamental and significant insight towards turbu-
lent combustion phenomena; particularly at the smallest scales where the turbulence,
chemistry, and diffusive interactions are rate controlling. Many studies are centered
around the idea that these DNS results can be used to improve the models required
for large scale, practical flow simulations which must model the effects of the small
scales.
The numerical approach to the problems presented in this dissertation are
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consistent with these ideas. The following analyses are focused on aspects of the
turbulence, chemistry, and diffusion interactions that describe turbulent H2/O2 and
H2/Air combustion as examples of turbulent flames. These particular flames were
chosen due to both their practical relevance as well as the availability of sufficiently
simplified and pressure dependent kinetics mechanisms. The formulation is such
that chemical kinetics and molecular transport effects are accurately modeled for
flows spanning the wide ranges of temperature and pressure commonly achieved in
hydrogen combustion applications. With this formulation, several problems related to
turbulent combustion modeling are addressed and the specific objectives are described
in the following.
1.2 Research Objectives
The objectives of this research are to conduct DNS of turbulent reactingH2/O2
and H2/Air shear layers over a wide range of pressures and Reynolds numbers, includ-
ing real gas effects, real property models, detailed chemistry, and multicomponent,
differential, and cross diffusion effects. Although the simulated flows are canoni-
cal in nature, the results describe physical turbulent mixing combined with detailed
chemical kinetics. These turbulence/chemistry interactions are prevalent in many
combustion applications of scientific and practical interest. From these simulations,
several phenomena related to combustion physics and combustion modeling are stud-
ied. The first analysis examines small scale species transport by molecular diffusion at
high pressure (Chapter 4). This particular phenomena is characterized by unknown
terms in the context of common modeling approaches. These terms have been sug-
gested to be negligible for pure mixing flows at high pressure [37]; however, reacting
flows contain much larger scalar gradients in localized regions near the flame. These
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corresponding small scale species diffusion terms are shown to be non-negligible in
certain localized regions for reacting flows. Next, the effects of differential diffusion
on the overall structure of flames near to and far from chemical equilibrium are dis-
cussed (Chapter 5). Differential diffusion effects for both premixed [38, 39, 40, 41]
and non-premixed [42, 43] flames have been shown to alter flame structures at low
pressures; however, the literature is scarce regarding differential diffusion effects on
turbulent flames at large (supercritical) pressures. Furthermore, there are no studies
(to the author’s knowledge) regarding the effects of differential diffusion when de-
tailed chemical kinetics, multicomponent, and cross diffusion are also included. The
final analysis is directed towards flamelet models (Chapter 6) [44]. Flamelet models
represent a limiting case in which chemical scales approach negligible values relative
to diffusive scales. These characteristic scales are identified for flames in the current
DNS database as they include many physical aspects often neglected in most flamelet
models. A topic specific literature review is reserved for each individual chapter in
which the analysis appears.
This dissertation first outlines the complete formulation for all numerical sim-
ulations conducted in Chapter 2. Chapter 3 describes the computational framework
used in this study including the computational domain, initial conditions, boundary
conditions, and numerical approach used for all flames. Chapters 4, 5, and 6 present
the results of the three topics discussed above. These chapters are elaborations of
three recent journal articles (as well as several conference papers and presentations).
The contents of Chapter 4 are in press in Ref. [45] which contains a detailed analysis of
small scale diffusive transport of species relevant to large eddy simulation (discussed
below). The effects of differential diffusion on the structure of flames near and far
from chemical equilibrium is under submission in Ref. [46] and presented in Chapter
5. The flamelet analysis is the subject of Ref. [47] and Chapter 6. Suggestions for
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future research are contained in Chapter 7. Note that the author inherited the DNS
code used for this study. However, the author’s work extended the DNS from only
1D prior studies to large 3D simulations. The author also added grid stretching and
a numerical “sponge layer” to the code (see below), and wrote all post-processing





The governing equations for this work describe turbulent combustion including
a real gas state equation, realistic property models, multicomponent diffusion, and
detailed chemistry. The reader is referred to Palle, [27] Palle and Miller, [30] and
Foster and Miller [48] for additional details. The basis for the governing equations is












































= SY β , (2.4)
where t represents time, xj the spatial coordinate vector, ρ the mixture density, uj
the mixture velocity vector, P the pressure, δij the Kronecker delta tensor, τij the
(Newtonian) viscous stress tensor, et the total specific energy (internal plus kinetic),






j the enthalpy flux (N being the total number
of species) in which the partial molar enthalpy for species β is represented by H
β
, =
∂H/∂Xβ (Xβ is the mole fraction of species β), and the molar mass flux vector for
species β is J
β




j (Mβ represents the molecular weight of
species β) converts the molar flux vector to the mass flux vector, and Se the chemical
reaction source term for the energy equation (Se = −
∑N
β=1 ω
β∆H0β, where ωβ is
the reaction rate for species β and ∆H0β is the enthalpy of formation). For the
last equation, Y β represents the mass fraction of species β, and SY β is the chemical
reaction source term for species β.
Non-ideal gas effects are accounted for through the cubic Peng-Robinson equa-
tion of state. The cubic Peng-Robinson equation of state includes capabilities of
capturing non-ideal flow phenomena often present in high pressure combustion and
is relatively efficient from a computational perspective [49, 50]. The general Peng-







+ 2V Bm −B2m
. (2.5)
In the above, R represents the universal gas constant, T is the temperature, V is the
molar volume, and Am and Bm are appropriately defined mixture parameters. The
complete derivation and implementation of all mixture parameters can be found in
the works of Palle [27] and Vasudevan [29].
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For high pressure flows outside of the range of validity of kinetic theory, the
proper theory for formulating the heat and mass fluxes is non-equilibrium thermody-
namics (NEQT)[51]. As such, the forms for the heat and mass flux vectors applica-
ble to high pressure, dense fluids are derived from non-equilibrium thermodynamics
(NEQT) and Keizer’s fluctuation theory. [20] Harstad and Bellan [24] first derived
the form and have applied it to binary species mixing systems. Palle [27, 28] extended
the application to arbitrary numbers of species and reacting hydrogen, heptane, and
methane flames. The full forms of the heat flux and molar flux vectors, including





















































































































where n is the molar density (n = ρ/Mm), Mm =
∑N
β=1XβMβ is the mixture molec-
ular weight, and V,β is the partial molar volume of species β. The mass diffusivities
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for the diffusion of species β into species γ is represented by Dβγm , the mixture ther-
mal conductivity by κ, and αβγBK and α
βη
D are the thermal and mass diffusion factors,
respectively. Extensive research has been conducted on high pressure binary, ternary,
and arbitrary number species mixing utilizing the current form of the heat and mass
flux vectors [20, 21, 22, 23, 24, 25, 27, 52, 29]. The author’s work is the first appli-
cations of these forms of the heat and mass flux vectors to turbulent combustion (to
the author’s knowledge).
2.2 Chemical Kinetics
The H2/Air mixture consists of 9 species (O2, H2, H, O, OH, H2O, HO2,
H2O2, N2) and the chemical kinetics are treated by a detailed, pressure dependent,
19-step mechanism [53]. For the H2/O2 flames N2 is simply omitted, whereas for
the H2/Air flames the N2 is assumed to be inert for the purpose of this study. Note
that the chemical kinetics mechanism is pressure dependent; however, in some of
the following simulations the kinetics mechanism is extrapolated for use at pressures
somewhat larger than its original validation. However, at these pressures the mech-
anism has simply asymptoted to its high pressure reaction rates and all remaining
property and thermodynamic models are applied correctly. The full kinetics scheme
is presented in Table 2.1.
2.3 Property Models
In contrast to the Stefan-Maxwell relations, NEQT does not provide expres-
sions for the transport properties. The mixture viscosity, thermal conductivity, heat
capacities, mass diffusion coefficients, and thermal diffusion coefficients must therefore
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be provided through additional theory or models. Therefore, the governing transport
equations [Eqs. (2.1) - (2.4)] and molecular fluxes [Eqs. (2.6) and (2.7)] are closed
by implementing realistic transport property models based on the principle of corre-
sponding states or experimental data where available. In short, the mixture viscosity
and thermal conductivity are calculated by the Lucas method [3] and the method of
Steil and Thodos, respectively [3]. Heat capacities are calculated directly from the
chosen state equation as the departure from the corresponding low pressure value
found in Reid et al. [3] or the NIST webbook. The low pressure binary diffusion
coefficients are calculated by the method of Fuller et al. [3] and the high pressure
values are obtained from the correlation developed by Takahashi [3]. If significant
differences between experimental data and the chosen property model were shown,
Palle [27] developed curve fits to offset the differences. More details of these property
models and validations over the temperature and pressure ranges considered in this
study can be found in Refs. [3, 28, 27]. Vasudevan [29] developed the model for the
binary thermal diffusion factors, αβγBK,b, by fitting experimental data at high pressures
in a manner similar to the principle of corresponding states. Mixing rules developed
by Harstad et al. [25] relate the binary and mixture thermal diffusion factors [25].














The author added these mixing rules to the DNS code used in this study. Lastly,
the mass diffusion factors are calculated from the Gibbs-Duhem relationship and
assuming ideal mixing (not ideal gas) which is appropriate for mixtures sufficiently
far from the critical locus of the mixture [54]. Further analysis and implementation
descriptions of the thermal and mass diffusion factors can be found in Ref. [30].
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No. Reaction A[cm.mole.s] β Ea[kJ/mole]
1. O2 +H ⇌ OH +O 2.00× 1014 0.00 70.30
2. H2 +O ⇌ OH +H 5.06× 104 2.67 26.30
3. H2 +OH ⇌ H2O +H 1.00× 108 1.60 13.8
4. OH +OH ⇌ H2O +O 1.50× 109 1.14 0.42
5. H +H +M ⇌ H2 +M 1.80× 1018 -1.00 0.00
6. H +OH +M ⇌ H2O +M 2.20× 1022 -2.00 0.00
7. O +O +M ⇌ O2 +M 2.90× 1017 -1.00 0.00
8. H +O2 +M ⇌ HO2 +M 2.30× 1018 -0.80 0.00
k∞ 4.52× 1013 0.00 0.00
9. HO2 +H ⇌ OH +OH 1.50× 1014 0.00 4.20
10. HO2 +H ⇌ H2 +O2 2.50× 1013 0.00 2.90
11. HO2 +H ⇌ H2O +O 3.00× 1013 0.00 7.20
12. HO2 +O ⇌ OH +O2 1.80× 1013 0.00 -1.70
13. HO2 +OH ⇌ H2O +O2 6.00× 1013 0.00 0.00
14. HO2 +HO2 ⇌ H2O2 +O2 2.50× 1011 0.00 -5.20
15. OH +OH +M ⇌ H2O2 +M 3.25× 1022 -2.00 0.00
k∞ 7.45× 1013 -0.37 0.00
16. H2O2 +H ⇌ H2 +HO2 1.70× 1012 0.00 15.70
17. H2O2 +H ⇌ H2O +OH 1.00× 1013 0.00 15.00
18. H2O2 +O ⇌ OH +HO2 2.80× 1013 0.00 26.80
19. H2O2 +OH ⇌ H2O +HO2 5.40× 1012 0.00 4.20
Table 2.1: Detailed chemical kinetic mechanism for H2/O2 combustion and corre-
sponding forward reaction constants: kr = AT
βexp(−EA/RT ). Third body efficien-
cies: H2 = 1.00, O2 = 0.35, H2O = 6.5. Reaction rate coefficients dependent on
pressure are calculated as kr = k∞k0[M ]/(k∞ + k0[M ]) where k0, and k∞ are the low
and high pressure reaction rate coefficients, respectively.
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Chapter 3
Problem Geometry and Numerical
Approach
3.1 Temporally Developing Shear Layer
Shear layers (both spatially and temporally developing) have been used ex-
tensively for experimental [55, 56, 57] and numerical [58, 59, 60, 61, 62, 49, 6, 5,
7, 8, 63, 64] studies directed towards understanding fundamental turbulent mixing
properties of either chemically inactive or reacting species. All shear layers studied
in this thesis involve chemically reacting species within counter flowing streams of
fuel and oxidizer as presented in Fig. 3.1. The coordinate system is such that x1, x2,
and x3 describe the streamwise, cross-stream, and spanwise directions, respectively.
The overall domain length in each direction is represented by Li, where subscript
i represents the ith direction. The streamwise and spanwise directions range from
0 ≤ x1 ≤ L1 and 0 ≤ x3 ≤ L3, respectively, while the cross-stream direction occupies


















In the above the subscripts o and f refer to quantities in the pure oxidizer and fuel
streams, respectively. The convective Mach number is represented by Mc and this
value is 0.35 for all simulations in this study. The respective free stream densities
and sound speeds are represented by ρo or ρf and ao or af , respectively, and both are
calculated from the equation of state. The transition from Uo to Uf is smoothed via an
error function profile [η = erf(π1/2x2/δω0), where δω0 is the initial vorticity thickness].
Turbulence development is enhanced by adding forcing to the streamwise direction at
the most unstable wavelength, λ1 = 11.5δω0, calculated from linear stability analysis
[27]. Forcing is also added in the spanwise direction through the relation λ3 = 0.6λ1,
where λ3 is the spanwise most unstable wavelength. The forcing is superimposed on
the “smoothed” velocity field by adding vorticity perturbations in the spanwise and


















respectively. The harmonic amplitudes, Am, for the current simulations take the val-
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ues: A1 = 1, A2 = A3 = A4 = 0.6 and the weighting function, f(x2) = exp(−πx22/δ2ω0),
places the vorticity field at the center of the shear layer. Once the vorticity field is
defined, the perturbed velocity field is then calculated from the solution of the appro-
priate Poisson equation. Streamwise and spanwise domain lengths are then integer
multiples of their corresponding most unstable wavelengths. For the current study,
L1 = 8λ1 and L3 = 8λ3 for all simulations allowing eight initial vortices to form and
pair.
The nature of the temporally developing reacting shear layer is that the initial
stages behave much like an unstrained laminar diffusion flame. As such, molecular
transport is solely responsible for bringing the fuel and oxidizer together to maintain
combustion. Next, the initial vortices begin to roll up and pair as the transition to
turbulence begins. This transitional region is described by the onset of intense stir-
ring as fuel and oxidizer are entrained into the mixing region. This stirring starts to
diminish the effects of molecular transport relative to convective transport. As the
turbulent nature begins to evolve, the dynamics of the flame begin to take shape and
the flame front becomes more convoluted. Depending on the strength of the vortices
and the nature of the chemical kinetics, local extinction/re-ignition phenomena can
start to occur during this time. Once the transitional region finishes the onset of
turbulence begins and the coherent nature of the vortices is substantially diminished.
The flame front is then described by a highly convoluted surface that can be discon-
tinuous and multiply connected. Local extinction/re-igntion phenomena can manifest
themselves through large pockets of well mixed reactants at cool temperatures. The
temporally developing reacting shear layer is thus well suited for research studies such
as those in this dissertation as each of the three laminar, transitional, and turbulent
regimes are of significant interest to practical combustion applications.
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3.2 Initial and Boundary Conditions
The initial conditions are chosen such that the fuel (hydrogen) is contained in
the x2 < 0 region and oxidizer (either oxygen or air) in the x2 > 0 region. The applied
boundary conditions are periodic in the x1 and x3 directions, while characteristic wave
based non-reflecting free stream conditions [65] are implemented for the x2 direction.
The free stream boundary conditions are formulated to include real gas [66] and multi-
dimensional [67, 68] effects. Despite the efforts to control unphysical waves reflecting
back into the domain, corrupted solutions were still evident in the simulations. This
was due to the large pressure waves caused by the ignition process contacting the
boundaries. Therefore, to further control numerical stability at the x2 boundaries,
an artificial “sponge layer” similar to that found in Ref. [69] is used at the upper
and lower 10% of the domain. Being that the overall x2 length is at least 3 times the
x1 length for all simulations, the artificial layer is far enough away from the mixing
region to have negligible influence on the flame.
Error function profiles, similar to that used for the velocity profile, are again
employed to “smooth” the initial fuel and oxidizer values from one free stream to
the other. Initial profiles for minor and product species are achieved by imposing a
Gaussian mass fraction profile of the form








where Y α0 is the initial mass fraction value for species α and Y
α
m is the user selected
maximum value that is reached at the center (x2 = 0) of the shear layer. For all
minor and product species, excluding the hydrogen radical, Y αm ∼ 0.001. Ignition is
achieved by adding a small amount of hydrogen radical along the centerline, Y Hm . For
all simulations, these values range from Y Hm = 0.015 → 0.05.
17
Initial temperatures and pressures are uniform throughout the domain. For
all simulations, the initial temperature is either 600K or 700K, which is above the
critical value for all species considered. The initial pressure for all H2/O2 simulations
is supercritical for all species. The H2/Air simulations span both subcritical and
supercritical pressure values. Once the initial temperature, pressure, free stream ve-
locities, and thermodynamic variables are known, an initial Reynolds number based
on the initial vorticity thickness can be defined by Reδ0 = ρ0U0δω0/µ0. The reference
conditions, ρ0 and µ0 are the average density and viscosity between the hydrogen
and oxygen free stream values, respectively, and U0 is the velocity difference between
the free streams. Under this description, all properties are physical and only the
reference length, δω0, is changed to achieve a desired Reynolds number. The time
dependent vorticity thickness is defined by; δω(t) = U0/
∣∣∂U1/∂x2∣∣max, where the
x1-x3-planar averaged streamwise velocity is represented by U1. The overbar rep-
resents an x1-x3 average for any referenced variable hereinafter. The instantaneous
Reynolds number based on vorticity thickness is then Reδ(t) = ρ0U0δω(t)/µ0. An-
other Reynolds number, consistent with experimental data, [56, 57] is defined by
Revis(t) = ρ0U0δvis(t)/µ0, where δvis(t) is the visually determined thickness of the
mixing layer. From a numerical perspective, a “visual” estimation could be deter-
mined from any number of means. For present purposes it is the distance through
which the mean temperature varied from 1% of one free stream value to 1% of the
other free stream value. Finally, a Taylor Reynolds number based on the streamwise
longitudinal Taylor microscale is defined by Reλ11(t) = ρu1,rmsλ11(t)/µ. The velocity
scale, u1,rms, is the root mean square u1 value. The longitudinal Taylor microscale is




∂u1,f luct/∂x1, where u1,f luct is the fluctuating com-
ponent of the decomposition u1 = u1 + u1,f luct [70]. A normalized time scale used
extensively in this work is defined by t∗ = tU0/δω0 and the final time for a given simu-
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lation is denoted by t∗f . All of these simulation parameters for the DNS conducted in
this thesis are provided in Table 3.1. It should be noted that the initial temperature
for all simulations is 700K except for Run #11 where it is 600K. The computational
requirements for Run # 11 require a more efficient use of the domain. Reducing the
initial temperature also reduces the local speed of sound in the free stream medium.
These conditions slow the propagation speed of the pressure wave caused by ignition;
therefore, contact with the free stream boundary is delayed and a longer physical time
solution is possible. The total computational time required for these simulations is
6.2 million CPU hours (excluding crashed simulations and post processing).
3.3 Numerical Approach
The governing equations are solved on an equally spaced grid in the x1 and
x3 directions, while an analytical mapping function in the x2 direction provides the
finest mesh within the mixing layer which coarsenes as it approaches the free stream
boundaries [71]. This formulation that maps the physical x2 space to computational
η space is provided by:











where β is the parameter that dictates the amount of “stretching”, D represents the
location for which the grid clustering takes place (center of the shear layer for this

















The metric of transformation that maps all derivatives to computational space [∂/∂x2 =















Finally, the transformation from computational space back to physical space is:
x2 (η) = D
[
1 +




For all meshes in this work, the governing parameters were chosen such that a near
uniform grid (∆x2/∆x1 ≈ 1, where ∆xi is the local grid spacing in the i-direction)
was established in the center of the shear layer. An example mesh illustrating the
grid clustering used in this work is presented in Fig. 3.2. By employing this mesh,
the most resolved regions occur where the largest gradients are expected while the
coarser mesh is applied near the x2 boundaries where the gradients are substantially
lower. This also allows for the free stream boundaries to be placed far away from
the mixing region without adding unnecessary grid points, thus saving computational
time.
The spatial and temporal derivatives for all simulations are approximated by
eighth order central finite difference and fourth order Runge-Kutta schemes, respec-
tively [72]. Tenth order filtering is also applied at each Runge-Kutta stage to reduce
spurious oscillations in the solution [72]. Time stepping is based on CFL conditions
for velocity and reaction rates as well as momentum, thermal, and mass diffusivities.
The resolution requirements for the simulations conducted in this study are such that
the total number of grid points, N123, range from 40.9 → 731 million. The code is
written in Fortran 77 and parallelized using MPI subroutines. Processor requirements
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for a single simulation ranged from 512 → 3, 840 CPUs requiring up to 2.2 million
CPU-hrs. Table 3.1 provides further details regarding resolution requirements and
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Figure 3.2: Computational mesh portraying grid stretching in x2 direction
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Chapter 4
Subgrid Mass Flux Vector Analysis
4.1 Introduction
As mentioned previously, if the computational resources allow for all spatial
and temporal scales to be resolved, the solution is considered a direct numerical sim-
ulation (DNS), and the literature is extensive pertaining to DNS of both reacting
[73, 74, 75, 63, 76, 77, 78, 79] and non-reacting [80, 62, 81, 82] flows. However,
the research becomes much more limited when considering DNS of of high pressure
combustion involving real gas effects, detailed chemistry, and multicomponent, dif-
ferential, and cross diffusion effects [34, 33, 83]. This lack of research stems from the
complexities involved in accurately modeling the chemical and diffusion processes and
the large increase in computational resources needed to calculate all of the included
physics.
If a lack of computational resources precludes a DNS, the effects of the small
scale flow phenomena must be predicted using information available from the largest
scales. These methods allow solutions at length and/or time scales much larger than
those required for a DNS. The computational requirements for DNS of most practical
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flows exceed that of even the world’s largest supercomputers; therefore, small scale
modeling of turbulent flows is an active area of research. The earliest techniques for
modeling the small scale phenomena consisted of separating each instantaneous vari-
able into the sum of an average (ensemble or temporal) component plus a fluctuating
component. The resulting equations are termed the Reynolds Averaged Navier-Stokes
(RANS) equations and solutions offer direct information about mean quantities while
the small scale fluctuating components must be modeled. The literature is extensive
considering RANS techniques for reacting flows and reviews are provided in Refs.
[84, 85]. The inherent nature of RANS is that the dependent variables only describe
steady moments. However, many combustion flows contain strong unsteady effects
such as mixing, local extinction/re-ignition, etc. Therefore, under many practical
combustion applications, RANS does not offer a sufficient description of the flow.
The limitations of RANS (accuracy severely limited for some flows) and DNS (com-
putationally expensive) led to the concept of LES, which is the topic of this chapter.
In LES, the equations are derived in a manner similar to RANS, except each
instantaneous variable is separated into a large scale, “resolved” or “filtered,” value
plus a small scale, “subgrid” value. The filtering in LES differs from averaging in
RANS as the filter represents a weighted average for a given volume in physical (or
spectral) space at a particular point. This technique is essentially introducing a
low-pass filter to the governing equations. The large scales are directly calculated
while the subgrid scale (SGS) effects on the resolved scales are unknown and again,
require modeling. In compressible, non-reacting flows, these unclosed terms include
the SGS Reynolds stresses, species and energy fluxes, filtered heat and mass flux
vectors, filtered pressure, filtered pressure work, filtered stress tensor, and filtered
stress work. In reacting flows, additional filtered chemical source terms appear that
also require modeling. In an LES, a smaller portion of the total kinetic energy is
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modeled compared to RANS, therefore, given comparable models for the unknown
quantities, LES will be more accurate than its RANS counterpart. The literature
pertaining to LES of both non-reacting and reacting flows is vast and reviews can be
found in [86, 87, 88, 89, 90].
In this chapter, the subgrid scale (SGS) mass flux vectors relevant to LES are
analyzed in H2/O2 and H2/Air flames at supercritical pressures and various Reynolds
numbers. More specifically, Run #’s 1-3, 8, 10, and 11 in Table 3.1 are used in
the analysis. The literature pertaining to LES modeling of reacting/non-reacting
subcritical flows is vast and reviews can be found in; [86, 87, 88, 89, 90] however, much
less is published regarding LES of supercritical, reacting/non-reacting flows including
multicomponent, differential, and cross diffusion effects. In one recent exception,
Selle et al. [37] suggested that for non-reacting supercritical flows, the filtered mass
flux vector could be adequately modeled from the resolved scale information. Thus,
no SGS model was necessary. Their analysis compared globally averaged SGS mass
flux vector gradients to the other terms appearing in the filtered species transport
equation. The results showed an order of magnitude difference between the SGS
mass flux vector gradients and the other leading order SGS terms. However, in
reacting flows, scalar gradients can be much larger than for pure mixing. Furthermore,
turbulent flame dynamics such as extinction/re-ignition and pollutant formation are
known to be highly sensitive to localized regions within the flame. Therefore, globally
viewed statistics may not provide the most complete description of subgrid quantities.
Another motivation for examining the filtered mass flux vector is that of future
LES combustion modeling approaches seeking to incorporate differential diffusion ef-
fects. Current particle based methods based on the Filtered Density Function[91]
universally neglect differential diffusion. In their current form the filtered mass flux
vector does not directly appear. However, McDermott and Pope[92] have shown
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that if differential diffusion is to be incorporated the FDF approach will have to be
re-formulated in a manner such that the filtered mass flux vector has to be directly
considered. As a first approach, their specific formulation neglects the subgrid compo-
nent entirely. It is, therefore, still of direct interest to such future model developments
to obtain a better understanding of the filtered and subgrid mass flux vectors.
The objectives of this chapter are therefore to provide a detailed portrait of
the subgrid mass flux vectors in high pressure turbulent flames from both a global
and local perspective. The localized regions of interest include the stoichiometric
condition, as well as regions of large temperature SGS variance, filtered SGS scalar
dissipation, instantaneous reaction rate, and scalar SGS variance. The chapter will
present an examination of the instantaneous, resolved, and SGS quantities of interest
for LES of H2/O2 and H2/Air flames in Section 4.2 and 4.3, respectively. The focus
will primarily be directed towards the SGS mass flux vector and its significance when
viewed both globally and locally within the flame. Section 4.4 presents conclusions
and discusses topics of future research.
4.2 H2/O2 Results
4.2.1 H2/O2 DNS Results
Figure 4.1 provides the spanwise centerline instantaneous temperature con-
tours (x1-x2 plane) at t
∗ = 120 for all three H2/O2 flames considered (Run #’s 1-3).
For perspective, the domain length in the x1 direction is ≈ 92δω0 for all three flames.
For the cross stream directions, the normalized visual thickness varies between ap-
proximately −25 ≤ x2/δω0 ≤ 12, −27 ≤ x2/δω0 ≤ 11, and −26 ≤ x2/δω0 ≤ 10
for Run #1, #2, and #3, respectively. For future reference, Run #1, #2, and #3
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correspond to initial Reynolds numbers of Reδ0 = 850, 2500, and 4500, respectively.
Computational requirements for these H2/O2 flames consisted of approximately 3840
CPU cores, 2 TB of memory, and 2 million CPU-hours for the largest simulation
(Reδ0 = 4500).
The increase in turbulent characteristics with Reynolds number is evident in
Fig. 4.1. At the lowest Reynolds number, the diffusive characteristics maintain a flat-
ter, pronounced flame region with a somewhat consistent thickness. As the Reynolds
number increases, the flame becomes much more convoluted showing very thin re-
gions of hot fluid as well as thick diffusive characteristics. The physical size of the
flame for the Reδ0 = 4500 case is represented by the spanwise centerline instantaneous
hydrogen radical mass fraction contours at t∗ = 120 provided in Fig. 4.2. The cross
stream visual thickness of the hydrogen radical contour varies between approximately
−15 ≤ x2/δω0 ≤ 10, which is ∼ 30% thinner than the corresponding temperature con-
tour [Fig. 4.1(c)]. The regions of large H mass fraction, indicative of the actual flame
surface, are relatively thin ∼ δω0. The three circles indicate the filtering diameters
used in the analyses below. The resolution of the Reδ0 = 4500 case is demonstrated
in Fig. 4.3 which presents planar averaged streamwise normalized spectra for velocity
and selected scalar variables near the center of the flame (x2/δω0 ≈ −10). These
results, given at time t∗ = 120, show approximately nine decades of energy spanning
nearly two and a half decades of scales. All spectra are characterized by smooth and
monotonic decay at small wavenumbers suggesting adequate resolution of all scales.
Energy spectra from other x2 planes throughout the flame zone were also examined
and all showed no evidence of inadequate resolution.
Further presentation of the DNS data is provided in Fig. 4.4 in the form of scat-
ter plots as functions of the mixture fraction, ϕ = (sY H2 −Y O2 +Y O20 )/(sY H20 +Y O20 )
(where s = 7.936 is the mass stoichiometry constant, Y H2 and Y O2 are instantaneous
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mass fractions of hydrogen and oxygen, respectively, and Y H20 and Y
O2
0 are the free
stream mass fraction values for hydrogen and oxygen, respectively), for Run # 3, the
Reδ0 = 4500 case. The fast nature of the hydrogen chemistry is observed from the
close agreement between the temperature and major species mass fraction profiles
to that expected from an equilibrium solution. However, nonequilibrium effects are
found for the minor species profiles of H and OH where significant amounts of scat-
ter are evident. These variables, along with other subgrid quantities discussed below,
plotted against mixture fraction will be shown to be important when evaluating the
subgrid mass flux vector because they aid in pinpointing the locations in mixture
fraction space where subgrid activity is enhanced.
4.2.2 H2/O2 Subgrid Mass Flux Vector Statistical Analysis
The governing equations for LES are derived from spatially filtering Eqs. (2.1)-
(2.4) (along with the equation of state, and other thermodynamic viable relations).





where G is the filter kernel taken as the spherical top-hat filter in this study. For
compressible flows, it is customary to introduce the density weighted Favre filter,
⟨⟨ψ⟩⟩ = ⟨ρψ⟩ / ⟨ρ⟩. From these filtering definitions, each instantaneous variable can
be represented as a sum of its filtered, or Favre filtered, value plus a subgrid (SGS)
component (i.e. ψ = ⟨ψ⟩+ψ′ or ψ = ⟨⟨ψ⟩⟩+ψ′′). For the species transport equation,
applying the filter leads to unclosed terms that require information from the SGS
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scales. The filtered species transport equation is represented by:





















where (Y αuj)SGS = ⟨⟨Y αuj⟩⟩ − ⟨⟨Y α⟩⟩ ⟨⟨uj⟩⟩ represents the unclosed SGS species
fluxes. The other unknown terms are the filtered chemical source term and the SGS
mass flux vector divergence. The primary focus of this study is on the SGS mass flux












is the true filtered mass flux vector and Jαj (⟨Ψ⟩) is the mass flux vector
calculated using only filtered primitive variables [Ψ represents the set of variables
needed to calculate the mass flux vector, Eq. (2.7)].
As discussed previously, it has been suggested that for non-reacting flows the
SGS mass flux vector may be negligible; thus, only resolved information is required to




≈ Jαj (⟨Ψ⟩)] [37]. These results were
based upon a globally defined comparison of the SGS mass flux vector gradients to
the gradients of the other terms appearing in the filtered species transport equation,
and was only based on pure binary mixing. The current study seeks to examine the
significance of the SGS mass flux vector for reacting flows both from a global as well
as a local perspective. The localized regions of interest include the stoichiometric con-
dition, regions of large temperature SGS variance, subgrid filtered scalar dissipation,
reaction rate, and mixture fraction SGS variance. Formal definitions for all regions
are provided in Table 4.1. These variables represent important quantities for LES. In
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particular, the scalar variances and dissipation terms are unknown quantities in an
LES that describe SGS activity. Many LES combustion models are directed towards
these terms [89, 90, 88, 93, 94]. Each of the conditioning regions can also be directly
correlated with specific physical regions within the flame. For example, large values
of temperature SGS variance and oxygen dissipation are confined to the lean and sto-
ichiometric regions of the mixing layer. Conditional statistics for a variable Ψ (either
instantaneous or filtered) based on localized regions of the flame are evaluated as fol-
lows. First the variable is “globally” averaged (i.e. within the flame zone defined by
0.01 ≤ ϕ ≤ 0.99). Then all values of the variable within the global region are evalu-
ated against the criteria provided in Table 4.1. Those points satisfying the criteria are
then summed and divided by the number of points satisfying the criteria which yields
the conditional average. For this study, an appropriate SGS scalar dissipation term
needs to be defined. For the majority of reacting flow applications, the SGS filtered
scalar dissipation term appears in the scalar variance transport equation with units
[1/time]. However, the complex nature of the mass flux vector in this study does not
lend itself to a straight forward derivation of the scalar variance transport equation.
Because of the more involved nature of the mass flux vector, it is more practical to















noted that the units for this dissipation term are [density/time]. The distinction is
not important though as ⟨χα⟩ is only used in this study to isolate certain physical
regions of the flow; not to compare to particular LES combustion models. Statis-
tical quantities including correlation coefficients, vector magnitude ratio PDFs, and
vector alignment PDFs between the true filtered and resolved mass flux vector are
presented below within the global and each localized region. Furthermore, the SGS
mass flux vector is compared to the SGS species flux term that appears in the filtered
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species transport equation. These comparisons include PDFs of the ratios between
SGS mass and species flux vector magnitudes as well as PDFs of the ratios between
the divergence magnitudes of SGS mass and species fluxes.
4.2.3 H2/O2 Correlation Coefficients
Figures 4.5-4.7 show the correlation coefficients between the true filtered mass




|, and that based on the resolved scales, |Jαj (⟨Ψ⟩)|,
for all regions and all simulations. Correlation coefficients for a given region are




| and |Jαj (⟨Ψ⟩)| divided by the product of their
standard deviations. The correlations are presented as a function of the filter width,
∆f , normalized by the initial vorticity thickness. As shown in Fig. 4.3, although there
is no clear inertial range, the location of each filter is well between the largest scales
and the dissipative scales. The consistent trend for Figs. 4.5-4.7 is an overall decrease
in correlation with both increasing filter width and Reynolds number for all regions
of interest. This result is not surprising as the small scale activity generally increases
with increasing filter width and Reynolds numbers. The global view of the true
filtered mass flux vector magnitude shows reasonable correlations (≥ 0.75) with the
resolved filtered mass flux vector magnitude for all filter widths, species, and Reynolds
numbers. The correlations in the stoichiometric and large mixture fraction SGS
variance regions show a species dependency; however, all correlations are reasonably
high (≥ 0.6; particularly for the major species). The minor species correlations are
observed to decrease more substantially with increasing filter width. Considering
regions where reaction rates are large, the correlations for water, hydroxide, and the
oxygen radical reduce significantly with increasing Reynolds number (as low as 0.4),
while H2, O2, and H remain well correlated (≥ 0.85). By far, the worst correlations
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are evident in the regions of large SGS filtered scalar dissipation and temperature
SGS variance (as low as ∼ 0.1). However, hydrogen remains strongly correlated
within these regions for all cases, as does the hydrogen radical for the majority of
these regions as well.
In order to further analyze the correlation results, detailed pictures of the
poorly correlated regions can be compared to those that correlate well in mixture
fraction space. Figure 4.8 provides scatter plots for temperature and mixture fraction
SGS variance, as well as non-dimensionalized SGS filtered dissipation for hydrogen
and oxygen as a function of the mixture fraction. From these figures, it is somewhat
obvious that poorly correlated regions coincide with a mixture fraction space extend-
ing from pure oxygen to the stoichiometric value. Consider the data from Run #3,
the Reδ0 = 4500 flame, presented in Figs. 4.8 (a) and (d) where temperature SGS
variance and SGS filtered dissipation of oxygen are large mostly in the lean region of
the mixture fraction space. These conditional regions represent some of the lowest
correlated values. Observing Figs. 4.8 (b) and (c), which show scalar SGS variance
and SGS filtered dissipation of hydrogen, large values span almost the entire mixture
fraction space. Within these regions, strong correlations are observed. SGS mass flux
activity being dominant on the lean-side of the flame was found to be consistent with
the other simulations as well.
It is important to consider the notion that SGS mass flux activity can be re-
lated to the lean side of the flame. The current formulation of the mass flux vector
includes terms proportional to temperature, pressure, and species gradients. Observ-
ing Fig. 4.4, it is evident that the large majority of steep temperature and species
gradients, albeit in mixture fraction space, exist on the lean side. Physically speak-
ing, the stoichiometric mixture fraction iso-surface is very near to the pure oxygen
stream. Therefore, the temperature and other scalars vary from their free stream
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values to their maximums over very short relative distances on the lean side (see also
Figs. 4.1 and 4.2). This is particularly true for the high Reynolds number case and
within its braid regions [Figs. 4.1 (c) and 4.2]. In these regions any of the filter sizes
used for this study can encompass temperatures and other scalars ranging from near
their maximum to near their minimum values all within the same filtering volume
(Fig. 4.2). These strong gradients indicate a region in which SGS mass transport
phenomena should be maximized, and the poor correlations reflect this assumption.
The following sections will observe the degree to which the SGS mass flux vector
influences the other terms in the filtered species transport equation in these poorly
correlated regions.
4.2.4 H2/O2 Vector Magnitude Ratio and Alignment PDFs
The results from correlations between the resolved and actual filtered mass
flux vector magnitudes suggest significant SGS mass transport in regions of large
SGS filtered scalar dissipation and temperature variance. Figure 4.9 depicts the PDF
of the ratio between these two vector magnitudes for these two local regions as well
as the global perspective for Run #3 and at the largest filter width, ∆f/δω0 ≈ 4.7.
For these PDFs, a truly negligible SGS mass flux would be represented by a delta
function at unity. When evaluated globally, the PDF in Fig. 4.9 (a) does show a
sharp rise near unity for all species and a somewhat narrow variance. The PDFs in the
localized regions, Figs. 4.9 (b) and (c), are much wider and are not necessarily centered
around unity. The broad variances of these PDFs reveal the resolved mass flux
vector’s probability to either under predict or over predict the true filtered magnitude.
Figures 4.10 and 4.11 focus on the relationship between the vector magnitude PDFs
and Reynolds number for the regions of large SGS filtered scalar dissipation and
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temperature SGS variance, respectively. The general trend of decreasing correlation
with increasing Reynolds number is echoed by the increase of the PDF variances
and the shifting of peaks away from unity with increasing Reynolds number for both
regions considered. The remaining PDF’s containing the ratio of the resolved and
actual filtered mass flux vector magnitudes in all global/localized regions and at all
of the filter widths and Reynold’s numbers for the H2/O2 flames are available in
Appendix A.
Figure 4.12 depicts the PDF of the cosine of the angle between the actual
filtered and resolved mass flux vectors for the same regions considered in Fig. 4.9.
For these PDFs, a delta function at unity suggests that the direction of the true
filtered mass flux vector is exactly predicted by only considering the information at
the resolved scales. Considering Fig. 4.12, the resolved mass flux vector relatively
accurately predicts the direction of the true filtered vector in all regions shown. This
was found to be true for all regions and for all Reynolds numbers in this study (not
all are shown).
4.2.5 H2/O2 Subgrid Mass and Species Flux Magnitude PDFs
Regions of the most active SGS mass flux have been identified. Comparisons
can now be made to other SGS terms appearing in the filtered species transport
equation, Eq. (4.2). Figure 4.13 presents PDFs of the ratio of the SGS mass flux
vector magnitude, ΓSGS = |J
′α
j |, to the turbulent species flux vector magnitude,
γSGS = | ⟨ρ⟩ (Y αuj)SGS|, for the global, large filtered SGS scalar dissipation, and
large temperature SGS variance regions at the largest filter width (∆f/δω0 ≈ 5.7) for
the Reδ0 = 850 flame. It is apparent that the SGS mass flux is more profound in the
local regions of large filtered SGS scalar dissipation and temperature SGS variance
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than in the global perspective. In the regions where the SGS mass flux is the most
significant, it demonstrates, on average, to be ∼ 10% of the turbulent species flux.
There is significant probability of the SGS mass flux being within about 40% of the
SGS convective flux, but very little probability of the two terms being equal. These
ratios are also shown to weaken with increasing Reynolds number as depicted in
Fig. 4.14 where the ratio of magnitudes are presented in the large temperature SGS
variance region for each of the three Reynolds numbers. The effect of the filter width
was also studied via PDFs of ΓSGS/γSGS and the results showed that by decreasing
the filter width an increase in ΓSGS/γSGS was more probable (not shown).
The last two terms on the right hand side of the filtered species transport
equation [Eq. (4.2)] involve the divergence of the SGS fluxes. Figure 4.15 examines
these terms by presenting the PDFs of the ratio of the magnitudes of the last and the
second to last term on the right hand side of Eq. (4.2) for Run #1, Reδ0 = 850 flame.








∣∣∣∣ ∂∂xj [⟨ρ⟩ (Y αuj)SGS]
∣∣∣∣ , (4.5)
respectively. A much different picture is revealed when considering the divergence
magnitudes compared to the fluxes alone. The SGS mass flux divergence magnitude
is still significantly smaller than the species flux divergence magnitude when viewed
globally [Fig. 4.15(a)]; however, in regions of large filtered SGS scalar dissipation
[Fig. 4.15(b)] and temperature SGS variance [Fig. 4.15(c)], the two terms are of the
same order of magnitude. There is also significant probability of finding SGS mass
flux terms equal to, and greater than, SGS species flux terms. This is indicative of a
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subgrid mass flux vector having more small scale activity than the subgrid scale flux;
the gradient operator amplifying the small scales of the former to greater extent.
Figure 4.16 shows how the divergence magnitude ratios vary with Reynolds
number within the large temperature SGS variance region. These PDFs show the
average ratio to decrease with increasing Reynolds number. At the largest Reynolds
number (Run #3), ϑSGS is ∼ 10% of φSGS; however, the variance of the PDFs show
significant probability of finding ϑSGS within ∼ 25% of φSGS. For all of the divergence
magnitude ratio PDFs shown, the PDF of the hydrogen radical differs significantly
from all other species PDFs. The subgrid mass to turbulent flux divergence magnitude
ratio is considerably larger for the hydrogen radical when compared to all other
species. This behavior is attributed to the low values of Lewis numbers (∼ 0.1 or
smaller at 100 atm) for the species pairs involving the hydrogen radical relative to
all other Lewis number species pairs. A previous study of a laminar H2/O2 diffusion
flame at 100 atm showed Lewis numbers for species pairs including the hydrogen
radical are lower than all other Lewis number species pairs by as much as a factor of
15 within the flame [29, 48]. Figure 4.17 further depicts how the filter width affects
the ϑSGS/φSGS ratio in PDF form. These results suggest that by decreasing the filter
width, the contribution of the SGS mass flux becomes more comparable to that of
the SGS convective flux. The remaining PDF’s containing the ratio of Γsgs/γSGS and
ϑSGS/φSGS in all of the global/localized regions and at all of the filter widths and
Reynold’s numbers for the H2/O2 flames are available in Appendix A.
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4.3 H2/Air Results
4.3.1 H2/Air DNS Results
Figure 4.18 presents the x3 centerline instantaneous temperature contours at
the corresponding final simulation time for all H2/Air flames considered in this anal-
ysis (Run #’s 8, 10, and 11). For reference, Run #8, #10, and #11 correspond to
initial Reynolds numbers of Reδ0 =1275, 2500, and 4500, respectively. Figure 4.18
shows the normalized visual thickness for these H2/Air flames to be comparable to
that of the H2/O2 flames (i.e. - −20 ≲ x2/δω0 ≲ 10). Computational requirements for
these H2/Air flames consisted of approximately 4000 CPU cores, 2.1 TB of memory,
and 2.2 million CPU-hrs for the largest simulation (Reδ0 = 4500).
The dilution and thermal absorption effects of nitrogen are evident in Fig. 4.18
as the maximum temperature in these flames is approximately 1000K lower than the
pure oxygen flames. Also evident are cold, most likely extinguished, regions between
the hot flame surfaces (the subject of Chapter 5). It is apparent that local strain
rates in some regions are high enough and the chemical scales are large enough, even
at the lowest Reynolds number (Reδ0 = 1275), for reactants to pass through the sto-
ichiometric surface without complete combustion taking place. These H2/Air flame
dynamics are very different than the ones observed in the H2/O2 flames as chemi-
cal time scales are much smaller than the characteristic flow time scales (i.e. - the
flame is very near to chemical equilibrium) for the H2/O2 flame. Similarities between
the H2/O2 and H2/Air flames include the increase in turbulent characteristics with
Reynolds number. Figure 4.18 presents these Reynolds number effects on flame struc-
ture as a more convoluted and multiply-connected flame surface is shown at higher
Reynolds numbers. The x3 centerline instantaneous hydrogen radical mass fraction
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contours are provided in Fig. 4.19 and these values do not identify with the flame
surface as well as they do in the H2/O2 flame (Fig. 4.2). This is because the cross
stream visual thickness of the hydrogen radical spans approximately the same width
as the temperature contour [Fig. 4.18(c)] and the locations of large hydrogen radical
do not necessarily correlate to regions of large temperature. These trends are again
indicative of a flame far from equilibrium as even the very reactive hydrogen radical
is located in cool regions of the flame. This behavior was not evident in the H2/O2
flames. The three white circles in Fig. 4.19 again denote the filter widths used in
the subgrid analysis presented below. The resolution of the largest H2/Air flame,
Run #11, is shown in Fig. 4.20 where planar averaged streamwise normalized spectra
for velocity and selected scalar variables are presented near the center of the flame
(x2/δω0 ≈ 0). These results suggest adequate resolution at all scales as the spectra
are represented by smooth monotonic decay at the small wavenumbers. This behavior
was also evident at other x2 planes (not shown) suggesting an adequately resolved
solution.
The nonequilibrium chemical effects are observed in Fig. 4.21 where tempera-
ture, major species, H radical, and OH mass fractions are plotted in mixture fraction
space for Run #11, the Reδ0 = 4500 case. The mixture fraction field for the H2/Air
flames is defined in the same manner presented in Section 4.2.1. The temperature
scatter [Fig. 4.21(a)] suggests regions of well mixed (stoichiometric) reactants at cool
temperatures (i.e. - extinction/re-ignition phenomena are present). This behavior
did not occur at any point in the H2/O2 flames. The nonequilibrium nature of these
flames is also shown by the major and minor species profiles in mixture fraction
space [Fig. 4.21(b), (c), and (d)]. When viewing the major species, [Fig. 4.21(b)]
oxygen and water show the most profound nonequilibirum effects as a substantial
amount of unconsumed oxygen and an absence of product (water) are found at the
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stoichiometric location. The fast nature of the hydrogen chemistry is evident as the
profile remains close to that expected from an equilibrium solution. The hydrogen
radical [Fig. 4.21(c)] and hydroxide [Fig. 4.21(d)] mass fraction profiles also show
nonequilibrium effects as significant amounts of scatter are present.
4.3.2 H2/Air Correlation Coefficients
The correlation coefficients in this section and the statistics presented in the
following sections are evaluated in the same manner as those presented in Sections
4.2.3 - 4.2.5. The filtering operation is identical to that defined in Eq. (4.1) and the
assumptions provided in Eq. (4.3) are again tested against the regions defined in Table
4.1. Figures 4.22, 4.23, and 4.24 present correlation coefficients between | ⟨Jα(Ψ)⟩ |
and |Jα(⟨Ψ⟩)| in both global and localized regions as a function of normalized filter
width, ∆f/δω0, for Run #’s 8, 10, and 11 at t
∗
f . Similar to the H2/O2 flames, a
decrease in correlation with increasing Reynolds number and filter width is evident.
Another similar trend is the poor correlation (as low as 0.2) in regions of large filtered
SGS scalar dissipation and temperature SGS variance for water and oxygen species.
Unlike the H2/O2 simulations, water, oxygen, radical hydrogen, and radical oxygen
correlate poorly (≈ 0.4) in the stoichiometric region at higher Reynolds numbers.
This trend is most likely due to the addition of nitrogen and its effect of shifting the
stoichiometric region even closer to the pure oxidizer stream (ϕst = 0.028 for these
flames). This stoichiometric location inevitably increases temperature and species
mass fraction gradients in mixture fraction space (as shown in Fig. 4.21). The global
region and large mixture fraction SGS variance region remain well correlated (≥ 0.75)
for all species and Reynolds numbers. Regions where reaction rate is large also remain
well correlated except for water at the larger Reynolds numbers. It is important
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to consider the fact that low values of the stoichiometric mixture fraction lead to
poorly correlated values within the stoichiometric region. Many other fuel/oxidizer
combinations, especially hydrocarbon/air mixtures, contain stoichiometric mixture
fraction values very close to the oxidizer stream. Given the importance associated
with accurately modeling the stoichiometric region for all flames, these results do not
bode well for modeling attempts that neglect subgrid molecular transport activity in
many common fuels.
The areas corresponding to poorly correlated regions and others that correlated
quite well are presented by scatter plots in mixture fraction space in Fig. 4.25. Again,
the poorly correlated values (e.g. - regions of large temperature SGS variance and
filtered SGS variance for oxygen) are confined to those regions near the lean side of the
flame [Fig. 4.25(a) and (c)]. The mixture fraction SGS variance and filtered SGS scalar
dissipation for hydrogen contain large values mostly away from the stoichiometric
region. These regions also correspond to some of the highest correlated values. It is
then evident that similar arguments regarding the importance of SGS mass transport
can be made for both H2/O2 and H2/Air flames. The key difference is that shifting
the location of the stoichiometric mixture fraction can also play an important role in
determining the overall significance of SGS mass transport. The following sections
continue the analysis of the H2/Air flames by providing comparisons of the SGS mass
flux vector to the other terms in the species transport equation, Eq. (4.2).
4.3.3 H2/Air Vector Magnitude Ratio and Alignment PDF’s
Figure 4.26 shows PDF’s of |Jα(⟨Ψ⟩)|/| ⟨Jα(Ψ)⟩ | evaluated globally and within
the regions that showed poor correlation coefficients for the flame corresponding to
Run #11 (which corresponds to an initial Reynolds number of Reδ0 = 4500) at
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the largest filter width. Sharp, narrow PDF’s near unity are shown when evaluated
globally [Fig. 4.26(a)] and wide PDF’s with varying means are demonstrated in the
stoichiometric [Fig. 4.26(b)], large filtered SGS scalar dissipation [Fig. 4.26(c)], and
large temperature SGS variance regions [Fig. 4.26(d)]. For the stoichiometric region,
all true species filtered mass flux vector magnitudes are, on average, underpredicted
by about half if the subgrid contribution is neglected. In regions of large filtered
SGS scalar dissipation and temperature SGS variance, most species filtered mass flux
magnitudes are, on average, underpredicted when neglecting the subgrid component.
However, there is significant probability for the filtered mass flux vector magnitude
for oxygen to be overpredicted by a factor of 3.
Turning the focus to the effects of Reynolds number, Figs. 4.27 and 4.28 show
PDF’s of |Jα(⟨Ψ⟩)|/| ⟨Jα(Ψ)⟩ | in regions of large filtered SGS scalar dissipation and
temperature SGS variance, respectively, at the largest filter width for each H2/Air
simulation. The broad PDF widths and peaks away from unity for the majority
of species with Reynolds number speaks to the nature of |Jα(⟨Ψ⟩)| to poorly pre-
dict | ⟨Jα(Ψ)⟩ | as a more turbulent flow is achieved. This trend is also shown by
the decreasing correlation coefficients in the aforementioned regions with increasing
Reynolds number. These results are again similar to those shown in the H2/O2 flames
with the exception of the stoichiometric region also showing PDF’s with large vari-





are shown in Fig. 4.29. When viewed globally, Jαj (⟨Ψ⟩) relatively accu-




. This trend remains true for the majority of
all species when viewed locally in the stoichiometric region, regions of large filtered
SGS scalar dissipation, and large temperature SGS variance. However, the oxygen





these localized regions. This trend was not evident in the H2/O2 flames and suggests
43





species. However, the most probable value still suggests the direction of the true
filtered mass flux vector is relatively accurately predicted from information at the
resolved scales. The remaining PDF’s containing the ratio of the resolved and ac-
tual filtered mass flux vector magnitudes in all of the global/localized regions at the
largest filter width and all Reynold’s numbers for the H2/Air flames are available in
Appendix A.
4.3.4 H2/Air Subgrid Mass and Species Flux Magnitude PDF’s
Figure 4.30 presents the PDF’s for the ratio of the subgrid mass (ΓSGS) to
turbulent species (γSGS) flux magnitudes for the Reδ0 = 1275 simulation (Run #8).
When evaluated globally [Fig. 4.30(a)], the turbulent flux magnitude is much greater
than the subgrid mass flux. This ratio does show an increase in ΓSGS in the regions of
large filtered SGS scalar dissipation [Fig. 4.30(b)] and temperature SGS variance [Fig.
4.30(c)] for most species however the overall ratio remains, on average, a small (<
0.05) value. The ratio for the hydrogen radical is the only species to show significant
probability of comparable values (∼ 0.1) between ΓSGS and γSGS. The PDF of the
ΓSGS and γSGS ratio conditioned on regions of large temperature SGS variance as a
function of Reynolds number is shown in Fig. 4.31. A clear relationship between the
PDF’s of the ΓSGS/γSGS ratio and Reynolds number is not particularly evident. The
ratio remains small (on average < 0.05) for all species (except the hydrogen radical)
and all Reynolds numbers. This differs from the H2/O2 flames as a clear decrease in
ΓSGS was evident for increasing Reynolds numbers (Fig. 4.14).
Figure 4.32 presents the PDF’s of the ratio of the divergence of the subgrid
mass [ϑSGS from Eq. (4.4)] to turbulent species [φSGS from Eq. (4.5)] flux magnitudes
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for Run #8. The divergence of the subgrid mass flux contribution, ϑSGS, is somewhat
negligible (< 5%) to the subgrid turbulent flux, φSGS, for most species when evalu-
ated globally [Fig. 4.32(a)]. However, this relationship changes significantly in regions
of large temperature SGS variance [Fig. 4.32(c)]. In these regions, there is significant
probability of ϑSGS within 20% of φSGS. The ratio does not display a particularly
strong relationship with Reynolds number as shown in Fig. 4.33. Apparently, the
subgrid quantities related to turbulent stirring of species and molecular transport
increase at comparable rates with Reynolds number for the H2/Air chemistry. How-
ever, even at the largest Reynolds number [Fig. 4.33(c)], all species show significant
probability of ϑSGS being within 20% of φSGS. Similar to the results from the H2/O2
subgrid analysis, the regions where ϑSGS and φSGS are comparable correspond to the




and Jαj (⟨Ψ⟩). These results suggest
that there is no conclusive evidence that the subgrid mass flux vector can be simply
neglected for reacting flows. The remaining PDF’s containing the ratio of ΓSGS/γSGS
and ϑSGS/φSGS in all of the global/localized regions at the largest filter width and
all Reynold’s numbers for the H2/Air flames are available in Appendix A.
4.4 Conclusions
DNS of turbulent H2/O2 and H2/Air reacting shear layers at a pressure of
100 and 35 atm, respectively, have been conducted over a range of Reynolds num-
bers spanning 850 ≥ Reδ0 ≥ 4500. Detailed chemical kinetics, a real fluid equation
of state, realistic property models, and generalized diffusion models were also in-
cluded. The results were then a priori analyzed for subgrid scale (SGS) information
concerning the SGS mass flux vector relevant to LES. In particular, the SGS mass
flux vector was examined for defined global and localized regions within the flame.
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Many important flame dynamics (extinction, re-ignition, pollutant formation, etc.)
are highly sensitive to localized regions within a flame, thus, global statistics are not
necessarily an accurate description of subgrid phenomena. Correlation coefficients
between the true filtered mass flux vector and the mass flux vector calculated from
filtered primitive variables were presented. When viewed globally, the role of the
SGS mass flux was shown to be minimal. However, in regions where either the SGS
scalar dissipation or the SGS temperature variance is large, the SGS mass flux was
shown to be substantial. For H2/Air flames, the SGS mass flux was also shown to
be substantial near the stoichiometric surface as well. The SGS mass flux was also
shown to become more substantial with increasing Reynolds number and filter widths.
When compared to the SGS scalar flux divergence, the SGS mass flux divergence was
found to be comparable in magnitude in regions of large SGS scalar dissipation and
SGS temperature variance. This magnitude was shown to decrease with Reynolds
number; however, even at the largest Reynolds number, the two terms were still com-
parable in some regions of the flame. For the H2/Air flames, the ratio showed a
weaker dependence on Reynolds number relative to that shown in the H2/O2 flames.
These a priori results suggest that in real turbulent flames localized events such as
extinction/re-ignition and pollutant formation may be significantly affected by the
SGS mass flux vector. However, this is a fundamental scientific study. The authors
are not concluding that the SGS mass flux vectors require modeling in LES. To make
such a conclusion would be highly difficult. It would also have to be in the context of
a particular LES approach (for example, errors associated with other modeled terms
may dwarf any corrections for the SGS mass flux vector).
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Table 4.1: Description of all regions analyzed for subgrid mass flux statistics. E(Ψ)
represents the standard mean for Ψ evaluated globally.
Region of Interest Formal Definition
Global 0.01 ≤ ϕ ≤ 0.99
Stoichiometric (H2/O2 simulations) 0.1 ≤ ϕ ≤ 0.13












Large filtered subgrid scalar dissipation ⟨χα⟩ /E(⟨χ α⟩) ≥ 2

















Figure 4.1: Streamwise instantaneous centerline temperature contours at t∗ = 120 for
(a) Run #1, (b) Run #2, and (c) Run #3.
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Figure 4.2: Streamwise instantaneous centerline hydrogen radical contour at t∗ = 120
for Run # 3. The circles of varying diameter represent the physical size of each of


































Figure 4.3: Normalized streamwise planar averaged one dimensional spectra for (a)
velocity and (b) temperature, hydrogen radical, and water mass fraction signals for
Run #3 at t∗ = 120. E∗(k) = E(k)/ψ′′2, where ψ′′2 represents the variance of the
given quantity, ψ. The wavenumber is k = L1/λ, where λ is the wavelength. The
three vertical lines represent the cutoff wavenumbers for each of the three filter widths







Figure 4.4: Scatter plot of: (a) temperature, (b) major species mass fractions, (c) H
radical mass fraction, and (d) OH mass fraction as a function of mixture fraction at











































































































































































Figure 4.5: Correlation coefficients of the actual filtered mass flux vector and mass flux
vector calculated using resolved variables as functions of the normalized filter width
conditioned on: (a) global mixture fraction, (b) stoichiometric mixture fraction, (c)
large mixture fraction SGS variance, (d) large reaction rate, (e) large filtered SGS











































































































































































Figure 4.6: Correlation coefficients of the actual filtered mass flux vector and mass
flux vector calculated using resolved variables as a function of the normalized filter
width conditioned on: (a) global mixture fraction, (b) stoichiometric mixture fraction,
(c) large mixture fraction SGS variance, (d) large reaction rate, (e) large filtered SGS











































































































































































Figure 4.7: Correlation coefficients of the actual filtered mass flux vector and mass
flux vector calculated using resolved variables as a function of the normalized filter
width conditioned on: (a) global mixture fraction, (b) stoichiometric mixture fraction,
(c) large mixture fraction SGS variance, (d) large reaction rate, (e) large filtered SGS







Figure 4.8: Scatter plot of: (a) temperature SGS variance, (b) scalar SGS variance,
and non-dimensional filtered SGS scalar dissipation (⟨χα∗ ⟩ = (δω0/ρ0U0) ⟨χα⟩) for (c)
H2O, and (d) O2 as a function of mixture fraction at t
























































Figure 4.9: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) large filtered

























































Figure 4.10: PDFs of ratios of the actual filtered mass flux vector magnitudes to those
calculated using resolved variables conditioned on large filtered SGS scalar dissipation
























































Figure 4.11: PDFs of ratios of the actual filtered mass flux vector magnitudes to those
calculated using resolved variables conditioned on large temperature SGS variance at































































Figure 4.12: PDFs of the cosine of the angle between the actual filtered mass flux
vectors and those calculated using resolved variables conditioned on (a) global mixture
fraction, (b) large filtered SGS scalar dissipation, and (c) large temperature SGS






























































Figure 4.13: PDFs of ratios of the subgrid mass (ΓSGS) to the turbulent species
(γSGS) flux vector magnitudes conditioned on: (a) global mixture fraction, (b) large
filtered SGS scalar dissipation, and (c) large temperature SGS variance for Run #1

































































Figure 4.14: PDFs of ratios of the subgrid mass (ΓSGS) to the turbulent species (γSGS)
flux vector magnitude conditioned on large temperature SGS variance at the largest






























































Figure 4.15: PDFs of ratios of the divergence of the subgrid mass (ϑSGS) to the
turbulent species (φSGS) flux vector magnitudes conditioned on: (a) global mixture
fraction, (b) large filtered SGS scalar dissipation, and (c) large temperature SGS






























































Figure 4.16: PDFs of ratios of the divergence of the subgrid mass (ϑSGS) to the
turbulent species (φSGS) flux vector magnitudes conditioned on large temperature









































Figure 4.17: PDFs of ratios of the divergence of the subgrid mass (ϑSGS) to the
turbulent species (φSGS) flux vector magnitudes conditioned on large temperature






Figure 4.18: Streamwise instantaneous centerline temperature contours at t∗f for
H2/Air flames corresponding to (a) Run #8, (b) Run #10, and (c) Run #11.
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Figure 4.19: Streamwise instantaneous centerline hydrogen radical contour at t∗ = 120
for Run #11. The circles of varying diameter represent the physical size of each of


































Figure 4.20: Normalized streamwise planar averaged one dimensional spectra for (a)
velocity and (b) temperature, hydrogen radical, and water mass fraction signals for
Run #11 at t∗ = 120. E∗(k) = E(k)/ψ′′2, where ψ′′2 represents the variance of the
given quantity, ψ. The wavenumber is k = L1/λ, where λ is the wavelength. The
three vertical lines represent the cutoff wavenumbers for each of the three filter widths







Figure 4.21: Scatter plot of: (a) temperature, (b) major species mass fraction, (c) H
radical mass fraction, and (d) OH mass fraction as a function of mixture fraction at

















































































































































































Figure 4.22: Correlation coefficients of actual filtered mass flux vector and mass flux
vector calculated using resolved variables vs. filter width conditioned on: (a) global
mixture fraction, (b) stoichiometric mixture fraction, (c) large mixture fraction SGS
variance, (d) large reaction rate, (e) large filtered SGS scalar dissipation, and (f) large

















































































































































































Figure 4.23: Correlation coefficients of actual filtered mass flux vector and mass flux
vector calculated using resolved variables vs. filter width conditioned on: (a) global
mixture fraction, (b) stoichiometric mixture fraction, (c) large mixture fraction SGS
variance, (d) large reaction rate, (e) large filtered SGS scalar dissipation, and (f) large

















































































































































































Figure 4.24: Correlation coefficients of actual filtered mass flux vector and mass flux
vector calculated using resolved variables vs. filter width conditioned on: (a) global
mixture fraction, (b) stoichiometric mixture fraction, (c) large mixture fraction SGS
variance, (d) large reaction rate, (e) large filtered SGS scalar dissipation, and (f) large







Figure 4.25: Scatter plots of (a) temperature SGS variance, (b) scalar variance, and
filtered SGS scalar dissipation (⟨χα∗ ⟩ = (δω0/ρ0U0) ⟨χα⟩) for (c) O2, and (d) H2 as a




















































































Figure 4.26: PDF’s containing ratios of actual filtered mass flux vectors and those cal-
culated using resolved variables conditioned on: (a) global mixture fraction, (b) stoi-
chiometric condition, (c) large filtered SGS scalar dissipation, and (c) large tempera-



































































Figure 4.27: PDF’s containing ratios of actual filtered mass flux vector magnitudes
and those calculated using resolved variables conditioned on large filtered SGS scalar
dissipation at the largest filter width for the H2/Air flame corresponding to (a) Run






























































Figure 4.28: PDF’s containing ratios of actual filtered mass flux vector magnitudes
and those calculated using resolved variables conditioned on large temperature SGS
variance at the largest filter width for the H2/Air flame corresponding to (a) Run























































































Figure 4.29: PDFs of the cosine of the angle between the actual filtered mass flux
vectors and those calculated using resolved variables conditioned on (a) global mixture
fraction, (b) large filtered SGS scalar dissipation, and (c) large temperature SGS






























































Figure 4.30: PDF’s containing ratios of subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) large filtered
SGS scalar dissipation, and (c) large temperature SGS variance for the H2/Air flame































































Figure 4.31: PDF’s containing ratios of subgrid mass (ΓSGS) to turbulent species
(γSGS) flux conditioned on large temperature SGS variance at the largest filter width






























































Figure 4.32: PDF’s containing ratios of the divergence of subgrid mass (ϑSGS) to
turbulent species (φSGS) flux magnitudes conditioned on: (a) global mixture fraction,
(b) large filtered SGS scalar dissipation, and (c) large temperature SGS variance for

































































Figure 4.33: PDF’s containing ratios of the divergence of subgrid mass (ϑSGS) to
turbulent species (φSGS) flux conditioned on large temperature SGS variance at the
largest filter width for the H2/Air flame corresponding to (a) Run #8 (b) Run #10,





The physical processes controlling a particular flow must be well understood
and modeled accordingly for any successful numerical simulation. These processes in-
clude, but are not limited to, heat and mass transport by diffusion. In reacting flows,
molecular transport phenomena such as multicomponent diffusion (diffusion of one
species due to concentration gradients of all species), differential diffusion (non-equal
species mass diffusivities), and cross diffusion (Soret/Dufour) are often enhanced.
Significant research has been conducted to show that these often neglected diffusion
phenomena are necessary to accurately capture the physics of the combustion process,
particularly at high pressure [27, 28, 29, 30, 11, 31, 12, 32, 33, 34]. Multicomponent
diffusion has been shown to alter local characteristics in laminar flames including
flame curvature and strain rates [16] and it has also been shown to significantly affect
ignition characteristics of high pressure heptane flames [95]. The latter study also
showed that ignition characteristics were closely tied to differential and cross diffu-
sion effects as well. Molecular transport effects have also been studied in turbulent
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flames although turbulent transport is generally considered the dominant mode for
molecular mixing in high Reynolds number applications. However, in non-premixed
combustion, diffusive transport of the scalar field has a significant effect on the evo-
lution of the flame even at large Reynolds numbers. This trend is apparent because
the rate-controlling processes of chemical reactions and molecular mixing depend on
the smallest, diffusive scales. For example, recent studies have shown that molecu-
lar transport can have very significant impact on turbulent H2/O2 flames[12] as well
as for turbulent CH4 jet flames[17, 18]. These non-premixed environments usually
show the strongest molecular transport effects during the laminar regions (e.g. - near
a jet base); however, these effects propagate downstream into the turbulent regions
through strong history effects.
For many turbulent non-premixed combustion formulations, it is assumed that
multicomponent, differential, and cross diffusion effects are negligible. This is done
by assuming that all reacting scalars diffuse with equal diffusivities (i.e. - all Lewis
numbers are equal and usually assumed to be unity) and simple Fourier/Fickian
descriptions model the diffusive transport of heat/species. In real flames, Lewis num-
bers are known to vary by factors of 10 or more in practical combustion applications
[23, 96, 48]. A such, numerous studies have addressed non-unity Lewis number ef-
fects in reacting flows at low pressures by either asymptotic analysis [97], experimental
techniques [98, 99], or numerical simulations [100, 101, 43, 102, 103, 104, 105]. From
these results, it is shown that varying Lewis numbers can have a first order effect on
quantities such as maximum flame temperatures, species mass fractions, and flame
dynamics (near and far from stoichiometry). For example, Katta et al. [43] studied
the effects of non-unity Lewis numbers in H2/Air jet diffusion flames and found that
accounting for non-unity Lewis numbers accurately captured the (experimentally ver-
ified) dynamic temperature oscillations at a given downstream location while unity
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Lewis number models predicted no such fluctuations. The axial location of the flame
tip was also shown to vary depending on the Lewis number assumption. Hilbert et
al. [104] and Gicquel et al. [103] presented actual/unity Lewis number model results
for turbulent non-premixed nitrogen diluted H2/Air flames. These studies showed
that Lewis number effects were responsible for significant variations in temperature
contours [103] and heat release (as well as temperature) profiles in mixture fraction
space [104]. Although “effective Lewis numbers” have been defined at high pressures
[23], the literature is vacant (to the author’s knowledge) regarding the effects of non-
unity Lewis numbers on flame structures considering generalized diffusion models and
high (supercritical) pressures which are of considerable interest to modern turbulent
combustion applications.
Given the recent increases in computational resources, DNS of three dimen-
sional (3D), canonical turbulent reacting flows including detailed chemistry and gen-
eralized diffusion models have become tractable [33, 34, 83]. A major advantage from
a numerical perspective is the ability to run a simulation, “turn on/off” a given phys-
ical model, and re-run the simulation, thus isolating the effects of said model. With
this in mind, the current study presents results from the DNS database outlined in
Table 3.1 consisting of reacting H2/O2 and H2/Air temporally developing shear layer
flames including a detailed chemical kinetics scheme, generalized forms of the heat
and mass flux vectors derived from NEQT, real property models, and a real fluid
equation of state. Eight total simulations are examined corresponding to Run #’s 4
and 5 for the H2/O2 flames and Run #’s 6-9, 12, and 13 for the H2/Air flames listed
in Table 3.1. These simulations were chosen as they consist of a pair of simulations
with H2/Air chemistry at initial pressures of P0 = 1, 35, and 125 atm and another
pair of simulations with H2/O2 chemistry at 125 atm. For a given simulation pair,
one simulation considers generalized diffusion models. The second simulation is iden-
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tical to the first except all mass diffusivities are artificially re-defined such that all
Lewis numbers are set to unity (i.e. Leβγ = 1 for all species pairs βγ); thus neglect-
ing differential diffusion mechanisms (however, multicomponent and cross diffusion
is still retained). Direct comparisons between the two simulations are made and any
flame structure differences are considered only a consequence of differential diffusion.
These flames are chosen both for the availability of a detailed pressure dependent
kinetics mechanism, as well as for their substantially varying flame structure. As will
be shown below the H2/O2 flame is very near to equilibrium with little to no local
extinction. In contrast, the diluting and thermal absorption effects of nitrogen yield
H2/Air flames far from equilibrium with substantial extinction and/or re-ignition.
The outline of this chapter describes results from all aforementioned simu-
lations in Section 5.2 as they focus on isolating the effects of differential diffusion.
These nature of these effects on the overall flame structure is also presented in this
section. Section 5.3 offers conclusions and topics for future research.
5.2 Results
5.2.1 Visual Flame Comparisons
The nature of the temporally developing shear layer flames used in this study
begins with behavior much like a laminar diffusion flame for non-dimensional times
0 ≲ t∗ ≲ 40. From there, the eight initial vortices begin to roll up and pair during a
transitional time of 40 ≲ t∗ ≲ 90. Finally, a turbulent state appears and the coherent
nature of the vortices diminishes during times 90 ≲ t∗ ≲ 140. For the H2/Air flames,
local extinction/re-ignition phenomena are present as shown by the instantaneous
centerline temperature contours presented in Fig. 5.1 at the final time (t∗ = 140). All
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contour plots demonstrate identical contour ranges for a given real/unity Lewis num-
ber simulation pair so direct comparisons can be made. The extinction/re-ignition
characteristics are evident in all simulations as well as significant temperature contour
differences between a given real/unity Lewis number simulation pair. Both the hot
flame pockets (located near the x2 centerline and along x1/δω0 ≈ 5 and x1/δω0 ≈ 70
locations) and regions of local extinction (most notably near x1/δω0 ≈ 20) evolve
somewhat differently for a given simulation pair. For all of the H2/Air simulations
the stoichiometric mixture fraction iso-line is located very near to the pure air stream
(x2 > 0), thus well mixed reactants exist within both hot and cold regions of the
flame. Similar temperature contour plots for H2/O2 simulations are presented in Fig.
5.2. In contrast, the H2/O2 flames are much hotter and exhibit features indicative of
chemical equilibrium with very little extinction/re-ignition phenomena. The chemical
scales associated with H2/O2 chemistry are very small compared to the flow scales at
these Reynolds numbers. As such, near complete combustion appears to occur in a
similar manner, despite Lewis numbers varying from unity.
5.2.2 Lewis Numbers
One means of quantifying the actual Lewis numbers in these flames is in mix-
ture fraction space. Because the current formulation includes detailed chemical ki-
netics and generalized diffusion, a truly conserved species based mixture fraction
cannot be defined. Nevertheless, it is possible to present quantities from the cur-
rent study in terms of a mixture fraction space defined for the sake of convenience.
Several definitions for the mixture fraction exist; however, the scope of this research
is interested in quantities relative to the mixed state and not in comparisons to
specific mixture fraction models. Thus, the standard mixture fraction definition,
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ϕ = (sY F − Y O + Y O0 )/(sY F0 + Y O0 ) (where s = 7.936 is the mass stoichiometry con-
stant, Y F and Y O are instantaneous mass fractions of fuel and oxidizer, respectively,
and Y F0 and Y
O
0 are the free stream mass fraction values for the fuel and oxidizer,
respectively), suffices and is used extensively throughout this document. With this
definition ϕ = 0 corresponds to pure oxidizer, ϕ = 1 pure hydrogen, and intermediate
values to various states of mixedness or other species.
A first look at actual Lewis numbers within each of the detailed diffusion
H2/Air simulations is presented in Fig. 5.3 where conditionally averaged Lewis num-
ber pairs, ⟨Leβγ|ϕ⟩ (where ⟨ψ|ϕ⟩ represents a conditional average for variable ψ and
the variable right of the vertical line is the variable being conditioned on), are shown
conditioned on a globally defined mixture fraction, ⟨Leβγ|ϕg⟩ (where ϕg is defined
by 0.001 ≤ ϕ ≤ 0.99), and the stoichiometric surface, ⟨Leβγ|ϕst⟩ (where ϕst is the
stoichiometric range of the mixture fraction defined by 0.026 ≤ ϕ ≤ 0.03), for each
of the species pairs listed in Table 1 at the final simulation time, t∗ = 140. The final
Lewis number presented in Fig. 5.3, Species Pair # 37, is the average of all species
pairs for the given conditional region. Similar Lewis number charts were analyzed at
earlier simulation times and for the H2/O2 simulation, however; the results were very
similar with a slight increase in Lewis numbers occurring at very early times.
Several trends are apparent in Fig. 5.3 including the substantial reduction in
Lewis numbers for all species pairs when evaluated on the stoichiometric surface. The
average Lewis number for all species pairs is above unity from the global mixture frac-
tion perspective but falls below unity on the stoichiometric surface. Thus, opposing
behavior for the diffusive nature of the scalar field is expected near the pure oxidizer
and stoichiometric regions (the pure oxidizer stream being very close to the stoichio-
metric region for this particular flame) as compared to the fuel rich regions. There
is also an inverse relationship between pressure and Lewis number which eventually
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leads to all species pairs having below unity Lewis numbers on the stoichiometric
surface as the pressure increases. The lowest Lewis numbers are those species pairs
containing H and H2 as they approach ≈ 0.1 on the stoichiometric surface at high
pressure. These low values of Lewis numbers on the stoichiometric surface suggest a
highly diffusive scalar field; particularly at high pressure. The following section elu-
cidates the diffusive characteristics that cause significant differences in the evolution
of the flame when unity Lewis numbers are assumed.
5.2.3 Flame Structure
The turbulence-chemistry interactions for the H2/Air and H2/O2 flames at
P0 = 125 atm are clearly observed by the scatter plots of normalized temperature,
T/T0, in mixture fraction space at the final simulation time, t
∗ = 140, presented in
Fig. 5.4. Also shown on these plots are the normalized conditional mean temperature,
⟨T |ϕ⟩ /T0, and conditional temperature root mean square (rms), ⟨σT |ϕ⟩ /T0, profiles.
The stoichiometrically mixed reactants at very cool temperatures indicate comparable
flow and chemical times scales for the H2/Air kinetics [Fig. 5.4 (a) and (b)]. These
conditions occur regardless of the actual/unity Lewis number assumption. Conversely,
the H2/O2 chemical scales are much smaller than the flow scales, therefore, the mixed
state of the reactants are strongly related to the thermo-chemical state of the flame.
These trends are further elucidated by comparing the conditional mean tem-
perature and conditional temperature rms profiles in Fig. 5.4 for a given simulation
pair. The unity Lewis number assumption conditional mean temperature profile for
the H2/Air simulation [Fig. 5.4(b)] under-predicts that of the generalized diffusion
simulation [Fig. 5.4(a)] by ≈ 22% near the stoichiometric region and continues to
be lower throughout the entire mixture fraction space. The conditional rms profiles
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between Fig. 5.4 (a) and (b) are similar with a maximum of a ≈ 35K difference be-
tween the actual/unity Lewis number simulations near the stoichiometric region. For
the H2/O2 flame, the unity Lewis number assumption conditional mean temperature
[Fig. 5.4(b)] is within ≈ 3% of the conditional mean temperature values observed
in the generalized diffusion simulation [Fig. 5.4(a)] for all ϕ. The conditional rms
profiles show the largest variations near the stoichiometric region where the unity
Lewis number over-predicts the conditional rms by ≈ 50K. Considering the maxi-
mum flame temperature for both H2/O2 simulations is ≈ 4000K, the overall effects
of these differences are small; especially when compared to the H2/Air flame results.
The small differences in the H2/O2 compared to H2/Air simulations consid-
ering actual/unity Lewis numbers are also evident in planar mean quantities, ⟨ψ⟩
(where ⟨·⟩ denotes a planar x1-x3 average for the given variable, ψ), as well. Figure
5.5 presents cross-stream planar mean temperature profiles for the H2/Air and H2/O2
simulation pairs at P0 = 125 atm. Again, significant differences are shown between
the actual/unity Lewis number assumption in the H2/Air flames as there is as much
as a ≈ 170K difference between the two simulations near the center of the domain.
The H2/O2 simulations differ in their planar temperature averages by ≈ 190K near
the x2/δω0 ≈ −10 plane, however, this difference is quite small considering the max-
imum values are ≈ 3400K. Therefore, the effects of the actual/unity Lewis number
assumption, as it relates to chemical kinetics, is that flames near the extinction limit
show a strong dependence on the particular diffusive transport description. For flames
close to equilibrium the diffusive characteristics of the species are dominated by the
fast nature of the chemistry.
This is not to suggest that the diffusive characteristics of the H2/O2 flames are
not changed by the unity Lewis number assumption. Lewis numbers depart signifi-
cantly from unity in H2/O2 mixtures. In fact, scalar spectra are significantly altered
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by the unity Lewis number assumption. This is shown in Fig. 5.6 where normalized
streamwise planar averaged temperature spectra from the mid-plane (x2 = 0) are
presented for the H2/O2 and H2/Air flames at 125 atm. For this figure, E
∗(k) =
E(k)/ψ”2, where ψ”2 represents the variance of the variable ψ and the wavenumber
is k = L1/λ, where λ is the wavelength. The x2 = 0 plane was chosen as it contains
some of the hottest and coolest regions of the H2/Air flames concurrently. It should
be noted that other x2 planes (both above and below the center plane) were exam-
ined and all results showed consistent trends to those presented in Fig. 5.6. Further
results considering H2/Air scalar spectra are presented in Appendix B. Firstly, the
monotonically decreasing values for the spectra in Fig. 5.6 are consistent with ade-
quately resolved numerical solutions. In regards to DD, the differences in the H2/Air
flame temperature spectra [Fig. 5.6(a)] are largely confined to the high wavenumbers.
Spectra for other scalars and initial pressures for the H2/Air flames also showed the
most pronounced differences at the smallest scales (shown in Appendix B). These dif-
ferences also increase with pressure. The differences in the H2/O2 flame temperature
spectra [Fig. 5.6(b)] are much more profound than those in the H2/Air flame [Fig.
5.6(a)] at both intermediate and high wavenumbers. Despite these significant differ-
ences in scalar spectra for the H2/O2 flame, most all of the low order conditional and
planar moments typically associated with flame structure were negligibly influenced
for the H2/O2 flames, especially when compared to the H2/Air flames. This is again
indicative of the equilibrium nature of the H2/O2 chemistry dominating the thermo-
chemical nature of the flame. Because the most significant DD effects are found in
the H2/Air flames, the remaining majority of this study focuses on the these flames.
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5.2.4 H2/Air Flame Evolution
The extinction/re-ignition characteristics for theH2/Air flames are further an-
alyzed in a manner similar to the work of Lignell et al.[106] who studied extinction/re-
ignition effects in non-premixed ethylene planar jets. In that study, extinction/re-
ignition effects were shown to be well correlated to the time evolution of the normal-
ized conditional mean temperature and conditional temperature rms profiles. These
are presented for the present study in Figs. 5.7-5.9 and 5.10-5.12, respectively, for
all simulations. The conditional mean temperature profiles are such that they show
maximum values near the stoichiometric region during the diffusive, laminar stages
of the flame where the flow time scales are still large compared to the chemical time
scales (i.e. - no extinction is occurring). This trend is confirmed by the low condi-
tional temperature rms (i.e. “mixed is burnt”) values during these laminar stages. As
the transitional stage develops there is a steep rise in the conditional temperature rms
values for all flames. This occurs as the flow and chemical times scales become com-
parable in magnitude and the onset of extinction appears. Once the turbulent regime
begins, the conditional mean temperature and temperature rms profiles evolve some-
what differently depending on the initial pressure and actual/unity Lewis number
assumption.
During the early laminar development of the flame, t∗ ≲ 40, the unity Lewis
number assumption over-predicts the maximum conditional mean temperature value
by≈ 6%, ≈ 11%, and≈ 13% for the P0 = 1, 35, and 125 atm simulations, respectively.
The unity Lewis number assumption over-valuing the conditional mean temperature
near the stoichiometric region during the early development of the flame was found
to be closely related to the large differences in the diffusive flux magnitudes of the
hydrogen radical at early times. Figures 5.13, 5.14, and 5.15 show this time evolution
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j δω0/µ0 is the normalized mass flux vector for the hydrogen radical) for
initial pressures of 1, 35, and 125 atm, respectively. At early times, the diffusive
flux magnitude of the hydrogen radical is significantly reduced (by a factor of ≈ 3)
under the unity Lewis number assumption; particularly within the stoichiometric
region. Because of this reduction in diffusive transport, the hydrogen radical is unable
to diffuse away from the stoichiometric region. This leads to an increase in the
conditional mean temperature as the very reactive hydrogen radical is able to remain
within the stoichiometric region under the unity Lewis number assumption. This
was also verified by observing higher mass fractions for the hydrogen radical species
on the stoichiometric surface at these early times (not shown). At later times, the
diffusive flux magnitude of the hydrogen radical reduces by orders of magnitude, and
thus plays a smaller role in the evolution of the conditional mean temperature field.
During the transitional and turbulent times, 40 ≲ t∗ ≲ 140, the maximum
conditional mean temperature (temperature rms) decreases (increases) significantly
for the P0 = 35 and 125 atm cases. This trend occurs due to the large amounts
of extinction prevalent at these later times and despite the instantaneous maximum
temperature value increasing with time for all simulations conducted (instantaneous
temperatures not shown). The unity Lewis number simulations for the P0 = 35 and
125 atm cases under-predict the maximum conditional mean temperature value by
≈ 12% and ≈ 22%, respectively, at the later times. The conditional temperature
rms values are over-predicted by the unity Lewis number simulations by ≈ 9% and
≈ 10% for the P0 = 35 and 125 atm cases, respectively. These are indications that
the unity Lewis number assumption over-predicts the amount of extinction occurring
within the flame. For the P0 = 1 atm simulation, the unity Lewis number simulation
under-predicts and over-predicts the maximum conditional mean temperature value
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during the transitional and turbulent times, respectively. However, the unity Lewis
number simulation values remain within ≈ 6% of its non-unity Lewis number simu-
lation counterpart at all times indicating extinction/re-ignition characteristics show
closer agreement by the unity Lewis number assumption at low pressures than high
pressures.
The diffusive flux magnitudes of water and oxygen were found to correlate
closely with the conditional mean temperature differences during the transitional and
turbulent times. Figures 5.16-5.18 and 5.19-5.21 present the time evolution of the









, respectively. The mass flux vectors are again normalized by the
diffusion scale, µ0/δω0. For the P0 = 1 atm simulation, Figs. 5.16 and 5.19, both
the water and oxygen are more diffusive under the unity Lewis number assumption
during the fully turbulent times allowing the main combustion product (oxidizer) to
diffuse away from (towards) the stoichiometric region at a faster rate. Combined with
the reduced diffusion rate of the hydrogen radical, the conditional mean temperature
value increases beyond that presented by the detailed diffusion simulation. During
a portion of the transitional times, 80 ≲ t∗ ≲ 90, the diffusive flux magnitude for
water increases then decreases for the detailed diffusion simulation. This leads to a
decrease in the conditional temperature rms values, which is a strong indication of
the onset of re-ignition.[106] As such, the maximum conditional mean temperature
value remains higher for the non-unity Lewis number simulation than the unity Lewis
number simulation during these times. For the P0 = 35 and 125 atm simulations, both
water and oxygen (Figs. 5.17-5.18 and 5.20-5.21) are significantly less diffusive near
the stoichiometric surface under the unity Lewis number cases throughout the entire
transitional and turbulent times. This trend appears as the Lewis number drops below
unity for nearly all species pairs involving water and oxygen at these higher pressures
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(Fig. 5.3). With the unity Lewis number assumption, the water (oxygen) diffuses at
a slower rate away from (towards) the stoichiometric surface. The reduced diffusive
nature of water acts to cool the surrounding regions while the nature of oxygen is
a reduced diffusive rate into the stoichiometric region which inhibits more complete
combustion. Thus, the maximum conditional mean temperature (temperature rms
values) values are significantly lower (higher) when assuming unity Lewis numbers
and the departures increase as the pressure increases.
5.2.5 H2/Air Planar Statistics
The final analysis regarding DD effects focuses on planar averages similar to
those in Fig. 5.5 for several other variables in the H2/Air flames as a function of
pressure. Planar averages of temperature and mass fractions of oxygen, hydrogen
radical, and water are presented in Figs. 5.22-5.23 at t∗ = 140 for the P0 = 1, 35,
and 125 atm simulations, respectively. At atmospheric conditions (Fig. 5.22), the
planar average values are similar for all variables between the simulation pair. The
largest differences are observed in the mass fraction values for water where the unity
Lewis number simulation shows an ≈ 16% lower value relative to the real Lewis
number simulation just below the center of the shear layer. As the pressure increases,
differences in the remaining variables become more significant; especially in the fuel
rich regions of the shear layer (i.e. - the x2 ≲ 0 region). The planar mean temperature
differences increase significantly in this region at higher pressures showing as much as
≈ 11% difference in the maximum values at the highest pressure [Fig. 5.24(a)] with
the unity Lewis number assumption showing the lower value. The planar mean mass
fractions of the hydrogen radical and water show ≈ 12.5% and ≈ 21% differences in
the maximum values at the largest pressure [Fig. 5.24(c) and (d)], respectively. The
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planar mean mass fraction profiles for oxygen also shows the largest differences at
larger pressures and in the fuel rich region of the shear layer. However, the tendency
is that the unity Lewis number simulation averages are generally larger than those
shown for the real Lewis number simulation. The most prominent trend, however, is
that the scalar field is much more sensitive to the unity Lewis number assumption at
larger pressures.
5.3 Conclusions
The effects of differential diffusion (DD) on flame structures have been stud-
ied through DNS of turbulent H2/Air and H2/O2 reacting shear layers at an initial
Reynolds number of Reδ0 = 1275 and pressures ranging 1 → 125 atm. All simula-
tions were formulated to include detailed chemical kinetics, realistic property models,
a real fluid equation of state, and multicomponent and cross diffusion effects. The
DD effects were isolated by comparing a pair of identical simulations with the ex-
ception of one simulation artificially setting all Lewis numbers to unity. The flames
in this study provided a wide range of pressure and a near equilibrium (H2/O2) and
a highly non-equilibrium (H2/Air) chemical framework to study DD effects. These
results suggest DD effects are more significant at higher pressures and for flames away
from chemical equilibrium. Neglecting DD significantly altered first and second order
conditional moments (conditioned on mixture fraction) of temperature in the H2/Air
flames. These differences were evident during the early laminar stages of the flame
and persisted through the fully turbulent stages. These conditional moments for the
H2/O2 flames were shown to not be affected as significantly by neglecting DD effects,
even at high pressure. For the H2/Air flames, the discrepancies in these conditional
moments were attributed to the sensitivity of the hydrogen radical, water, and oxygen
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diffusive flux value to the unity Lewis number assumption. Scalar spectra showed that
the DD effects were confined to the high wavenumbers for the H2/Air flames. The
H2/O2 spectra showed DD effects were present on a broader range of wavenumbers.
However the dominating nature of the equilibrium chemistry dwarfed any diffusive
effects on the large scale features of the flame. Streamwise planar averages for the
scalar field also reinforced the idea that DD effects were significant for non-equilibrium
flames and their significance increased with pressure. Therefore, as the pressure in-
creases and the turbulence-chemistry interactions become more dependent on each
other; more attention must be directed towards DD.
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SP # β-γ SP # β-γ SP # β-γ SP # β-γ
1 O2-H2 10 H2-OH 19 H-HO2 28 O-HO2
2 O2-H 11 H2-O 20 H-H2O2 29 O-H2O2
3 O2-OH 12 H2-H2O 21 H-N2 30 O-N2
4 O2-O 13 H2-HO2 22 OH-O 31 H2O-HO2
5 O2-H2O 14 H2-H2O2 23 OH-H2O 32 H2O-H2O2
6 O2-HO2 15 H2-N2 24 OH-HO2 33 H2O-N2
7 O2-H2O2 16 H-OH 25 OH-H2O2 34 HO2-H2O2
8 O2-N2 17 H-O 26 OH-N2 35 HO2-N2
9 H2-H 18 H-H2O 27 O-H2O 36 H2O2-N2











Figure 5.1: Centerline temperature contours for H2/Air flames at t
∗ = 140 and initial
pressure of: (a) & (b) P0 = 1atm, (c) & (d) P0 = 35atm, and (e) & (f) P0 = 125atm.
All left side plots contain detailed diffusion models and all right side plots assume




Figure 5.2: Centerline temperature contours for H2/O2 flames at t
∗ = 140 and initial














































































































Figure 5.3: Average Lewis numbers, Leβγ, for species pair β-γ defined in Table 1
at the final simulation time, t∗ = 140. Initial pressures of P0 = 1, 35, and 125
atm correspond to plots (a) & (b), (c) & (d), and (e) & (f), respectively. All plots
conditioned on global mixture fraction regions are represented by ⟨Leβγ|ϕg⟩. All plots
conditioned on the stoichiometric surface are represented by ⟨Leβγ|ϕst⟩. Species pair







Figure 5.4: Scatter plots of non-dimensionalized temperature, T/T0, vs mixture frac-
tion at t∗ = 140 and initial pressure of P0 = 125 atm for: (a) H2/Air chemistry and
real mass diffusivities, (b) H2/Air chemistry and Leβγ = 1, (c) H2/O2 chemistry and
real mass diffusivities, and (d) H2/O2 chemistry and Leβγ = 1. Conditional means

































Figure 5.5: Planar mean profiles for temperature at t∗ = 140, P0 = 125atm, and: (a)
































Figure 5.6: Normalized streamwise planar averaged one dimensional spectra for tem-
perature considering real mass diffusivites and unity Lewis number diffusion models




Figure 5.7: Time evolution of normalized conditional mean temperature profiles,
⟨T |ϕ⟩ /T0, at initial pressure of P0 = 1atm considering: (a) real mass diffusivities and




Figure 5.8: Time evolution of normalized conditional mean temperature profiles,
⟨T |ϕ⟩ /T0, at initial pressure of P0 = 35atm considering: (a) real mass diffusivities




Figure 5.9: Time evolution of normalized conditional mean temperature profiles,
⟨T |ϕ⟩ /T0, at initial pressure of P0 = 125atm considering: (a) real mass diffusivities




Figure 5.10: Time evolution of normalized conditional temperature variance profiles,
⟨σT |ϕ⟩ /T0, at initial pressure of P0 = 1atm considering: (a) real mass diffusivites and




Figure 5.11: Time evolution of normalized conditional temperature variance profiles,
⟨σT |ϕ⟩ /T0, at initial pressure of P0 = 35atm considering: (a) real mass diffusivities




Figure 5.12: Time evolution of normalized conditional temperature variance profiles,
⟨σT |ϕ⟩ /T0, at initial pressure of P0 = 125atm considering: (a) real mass diffusivities









, at initial pressure of P0 = 1atm considering:









, at initial pressure of P0 = 35atm considering:









, at initial pressure of P0 = 125atm considering:









, at initial pressure of P0 = 1atm considering: (a) real mass









, at initial pressure of P0 = 35atm considering: (a) real









, at initial pressure of P0 = 125atm considering: (a) real









, at initial pressure of P0 = 1atm considering: (a) real mass
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Figure 5.22: Planar mean profiles for: (a) temperature, (b) oxygen mass fraction,



























































Figure 5.23: Planar mean profiles for: (a) temperature, (b) oxygen mass fraction,





























































Figure 5.24: Planar mean profiles for: (a) temperature, (b) oxygen mass fraction,






In the preceding chapters several aspects of turbulent combustion modeling
have been discussed. The main goal in all combustion models is to produce predictive
turbulent flame simulations while reducing the computational cost necessary for DNS.
Because of these strict requirements, some turbulent combustion models seek a reduc-
tion in computational overhead without total loss of the detailed chemical description
as these mechanisms are needed to predict local extinction/re-ignition, pollutant for-
mation, and other phenomena related to finite-rate chemistry effects [107, 73, 108].
This goal is also consistent with the flamelet approach to non-premixed combustion
[109, 44, 110, 111]. The flamelet approach assumes that chemical reactions occur
within thin layers named “flamelets.” This condition occurs when appropriate chem-
ical time or length scales become much smaller than some characteristic turbulence
time or length scale (e.g. - integral time scale of turbulence). Because the central
argument surrounding the flamelet model is only a limiting case of chemical scales
relative to diffusive scales, all levels of chemical complexity can be (theoretically)
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retained under the flamelet paradigm. Low pressure asymptotics usually conclude
“thin” to mean chemical scales on the same order of magnitude or smaller than the
local Kolmogorov scales [112, 85, 111, 110], although for detailed chemical kinetics,
an appropriate chemical time scale is not always obvious [73, 84]. It is important
to note that the flamelet approach is a limiting case and is certain to have limited
success in flows where reaction zones occur over large length and time scales. How-
ever, identifying these appropriate scales a priori and defining an absolute range of
flamelet validity remains an open topic for research.
The attractive nature of the flamelet approach stems from its ability to sepa-
rate a given reacting flow into a mixing and reacting paradigm. This allows for sig-
nificant reductions in computational costs as the potentially large number of highly
non-linear species transport equations can be reduced to a single transport equation
for a conserved scalar (mixture fraction for non-premixed combustion). The effects
of finite-rate and/or detailed chemistry need only be stored in a library of laminar
flame solutions that only depends on the mixture fraction. The flamelet formulation
usually consists of recasting the transport equations for the reacting scalars to a co-
ordinate system where the origin is attached to the stoichiometric mixture fraction
surface. In accordance with flamelet ideas that reaction zones are thin, gradients
parallel to the stoichiometric surface are neglected and only perpendicular gradients
are included. The resulting equations are termed the flamelet equations and they
contain all information regarding the chemical nature of the scalar field.
The vast majority of low pressure flamelet equations are derived by assuming
that the scalar field is controlled by Fourier/Fickian diffusion alone. However at high
pressures the effects of differential and Soret/Dufour (often called cross) diffusion are
known to be substantially enhanced [23, 24, 5, 113, 114, 7, 8, 28, 115, 48]. Attempts
have been made to incorporate differential diffusion into flamelet equations [17]; how-
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ever, the inclusion of cross diffusion effects into flamelet formulations at high and low
pressure has not been studied (to the author’s knowledge). As the flamelet regime
is inherently dependent on the diffusive nature of the flow, cross diffusion effects are
likely to alter the reaction-diffusion balance innate to the flamelet approach. When
cross diffusion effects are included, the resulting flamelet equations differ significantly
from the classical expressions and solutions are sure to be difficult. To this end, it is
of interest to study whether or not flamelet parameters from classical expressions can
be successfully used to study flamelet characteristics in the presence of cross diffusion;
particularly at large pressures.
With this in mind, the objectives of this chapter are to observe and identify the
characteristic scales relevant to flamelet modeling from direct numerical simulations
(DNS) of turbulent reacting H2/O2 and H2/Air shear layer flames at large pressure
with the effects of detailed chemistry, a real gas state equation, and multicomponent,
differential, and cross diffusion included. Specifically, Run #’s 3 and 11 are investi-
gated for this purpose. As will be shown, the chemical nature of these two flames
is such that significant finite-rate effects are observed in the H2/Air flame (leading
to local extinction/re-ignition) while the H2/O2 flame is much closer to equilibrium.
Section 6.2 presents the mixture fraction properly formulated when detailed chem-
istry and generalized diffusion models are included. Section 6.3 describes the flame
structure for each of the flames as they relate to flamelet models and Section 6.4
presents the characteristic scales as they pertain to flamelet modeling. Conclusions
are then drawn in Section 6.5.
159
6.2 Mixture Fraction
In non-premixed combustion the most common conserved scalar used to de-
scribe the mixed state of the fluid is the mixture fraction [116]. When detailed chem-
ical kinetics and generalized diffusion models are considered the resulting species
transport equations do not lend themselves to a straight-forward derivation of a truly
conserved scalar mixture fraction. Instead, passive scalars based in elemental mass
fractions are employed as elements must be conserved regardless of the level of chem-
ical complexity [36]. For a mixture containing N total species, the mass fraction for








where bγ,α is the number of elements of type γ in species α. The current H2/O2
simulation contains 2 elements (H and O) and the H2/Air contains 3 elements (H,






where ZOγ and Z
F
γ represent the free stream values of Zγ in the oxidizer and fuel
stream, respectively. Throughout the remainder of this document ϕ will refer to the
mixture fraction corresponding to elemental hydrogen (γ = H).
The mixture fraction presented in Eq. (6.2) is conserved for any chemical and
diffusive transport description. Combining Eqs. (6.1) and (6.2) with (2) in a manner
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where Dϕ/Dt represents the total rate of change of ϕ. Likewise, this result is valid for
any chemical kinetics and species diffusive flux description. All information regarding
elemental mass fractions is directly related to ϕ.
6.3 Flame Structure
Figure 6.1 depicts temperature contours at the centerline of each flame at
the final simulation time, t∗ = 120. The local extinction/re-ignition characteristics
of the H2/Air flame [Fig. 1 (b)] are evident as large pockets of cool regions exist
across the shear layer. On the other hand, the H2/O2 flame [Fig. 1 (a)] depicts
characteristics of a flame lacking significant extinction as the flame remains near
its maximum temperature throughout the stoichiometric mixture fraction surface
(ϕst = 0.11; i.e. physically very near to the oxidizer). Another observation from Fig.
6.1 is that the H2/O2 flame, lacking the diluting influences of N2, is approximately
1000K hotter than the H2/Air flame.
These characteristics are further elucidated by scatter plots of normalized tem-
perature in mixture fraction space presented in Fig. 6.2. Considering the H2/O2 flame
[Fig. 6.2 (a)], the temperature field shows a reasonable correlation to the mixed state
of the fluid. The maximum conditional mean temperature (⟨T |ϕ⟩, where ⟨·|ϕ⟩ rep-
resents an average conditioned on the mixture fraction) is ≈ 3800K which is within
≈ 250K of the maximum instantaneous value. The conditional temperature root
mean square (rms) values remain low throughout the entire mixture fraction space
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with a maximum value reaching ≈ 200K. Near the stoichiometric region, the condi-
tional temperature rms values are ≈ 100K. In contrast, a much different description
of temperature relative to the mixture fraction is shown for the H2/Air flame [Fig. 6.2
(b)]. Local extinction/re-ignition characteristics are suggested as stoichiometrically
mixed reactants (ϕst = 0.028) correspond to both cool and hot regions in the flame.
As such, the maximum conditional mean temperature value is ≈ 2100K, which is
≈ 1000K less than the instantaneous maximum temperature value.
Several other scalars including major and some minor species mass fractions
are also presented in mixture fraction space in Fig. 6.3 for both flames. The major
species (H2, O2, and H2O) for the H2/O2 flame [Fig. 6.3 (a)] all correlate well to the
mixture fraction; again suggesting that these scalars are near chemical equilibrium.
The corresponding minor species OH, O, and H presented in Fig. 6.3 (b) depart
somewhat significantly from equilibrium as much more scatter is apparent for these
species. In contrast, the diluting influences of the N2 in the H2/Air flame signifi-
cantly alters the equilibrium nature of O2 and H2O as shown in Fig. 6.3 (c). The
corresponding minor species in Fig. 6.3 (d) also portray non-equilibrium effects as
well. The relationships between scalars and mixture fraction presented in Figs. 6.2
and 6.3 play an important role for the flamelet analysis in the next section as they
contain the precise relationship sought by the flamelet model.
6.4 Flamelet Analysis
The flamelet concept has been widely used in many turbulent combustion
modeling applications [111]. The flamelet approach argues that as the chemical re-
actions occur on smaller and smaller scales, the flame behavior approaches that of
a one dimensional laminar diffusion flame. Typically, the flamelet concept is carried
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out by a transformation of coordinates for the reacting scalars from physical space
(t,x1,x2,x3) to a coordinate system placed on the stoichiometric mixture fraction sur-
face (t
′
,ϕ,y1,y2), where ϕ is the space perpendicular to ϕst and y1 and y2 are parallel
to it. In the limit of thin reaction zones, gradients in y1 and y2 space become negli-






















respectively. Applying the coordinate transformations to the species transport equa-













+ SY α . (6.6)
This equation is valid for all levels of chemical and diffusion model complexity. In the
limit as multicomponent, differential, and cross diffusion effects become negligible, the
total rate of change of the mixture fraction can be combined with the Fickian diffusion
model [Jαj = −ρD(∂Y α/∂xj), where D is the mass diffusivity considering equal Lewis
numbers] and Eq. (6.6) reduces to the well known classical flamelet expression [109].
The solution of Eq. (6.6) provides all information regarding the functional form of
Y α(ϕ) which can, in theory, be computed for a given flow a priori. The composition
of all reacting scalars is then obtained for only the evolution of the mixture fraction
[Eq. (6.3)] and possibly its variance. When generalized diffusion effects are included
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it is useful to write the mass flux vector [Eq. (2)] in compact form as the sum of
mass fraction, temperature, and pressure gradients with a corresponding “diffusion
coefficient” by the following relationship:










where DY α , DT , and DP represent coefficients corresponding to the mass fraction,
temperature, and pressure gradient terms, respectively. These terms are complex in
nature and depend on the local thermodynamic state of the mixture. The total rate
of change of the mixture fraction and the complex nature of the mass flux vector
introduces difficulties in solving Eq. (6.6) to obtain the functional relation Y α(ϕ).
Even if pressure gradient effects are negligible (which is usually the case in most
flows), the solution of Eq. (6.6) cannot be solved without knowing information about
T , which can be found, in theory, from applying the coordinate transformation to
the energy equation to obtain another flamelet equation for total energy (from which
temperature could be determined). This coupled nature of the flamelet equations
makes solutions difficult to achieve. Furthermore, several parameters involving the
spatial gradient of ϕ appear which need to be modeled in order to close Eq. (6.6). If
we assume small variations in t
′
space, negligible pressure diffusion DP , and combine






































+ SY α ,
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where χY α and χT represent scalar dissipations corresponding to species composition























Near the stoichiometric surface, the terms containing second derivatives with respect
to ϕ are assumed to dominate those terms containing first order derivates [109]. The
functional form of the scalar dissipations need to be modeled or known a priori to
generate a solution library to Eq. (6.8). The resulting flamelet equation for species
composition can then be seen as a balance between chemical reaction and diffusion of
species and temperature perpendicular to the stoichiometric mixture fraction surface.
This paper does not attempt to solve Eq. (6.8), but instead focuses on locating
those regions where flamelet relationships are valid or not and then identifying the
characteristics that separate the two regimes. To this end, an expression relating the















= SY α , (6.11)
which demonstrates that the composition (and temperature) function Y α(ϕ) [and
T (ϕ)] is strongly dependent on the parameter (∂ϕ/∂xj)
2. This key parameter can be
related to the mixture fraction scalar dissipation by multiplying by a diffusivity. For
the remainder of this document, the thermal diffusivity (αν = κ/ρCp,m, where Cp,m
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is the mixture heat capacity) is chosen and the resulting term is the classical scalar









In the following a normalized scalar dissipation is defined by χ∗ = χ[δω(t)/U0].
It is important to identify the appropriate scales that express the limiting behavior of
thin reaction zones in the flamelet model. Appropriate length and times scales usually
include the Kolmogorov definitions for diffusive or flow scales while chemical scales
are not easily defined when detailed kinetics are employed [73]. Several conditional
mean flow time scales, ⟨τf |ϕ⟩, are normalized by the reference velocity and vorticity
thickness [τ ∗f = τfU0/δω(t)] and presented in Fig. 6.4. These include time scales




j is the local turbulence




i/∂xk is the local dissipation (where σ
′
ik is the fluctuating
stress tensor [117]), and primed variables represent fluctuating components of the
form u
′
j = uj − ⟨uj⟩, with ⟨·⟩ representing a planar average over x1-x3 planes], the
Kolmogorov time scale, τK = (ν/ϵ)
1/2 (where ν is the kinematic viscosity), and the








. When normalized these flow
scales essentially collapse for the two flames; particularly for the smallest scales.
Identifying the proper characteristic chemical time scale, τc, for the flamelet
regime is not straight forward when complex chemistry is included as many chemi-
cal reactions occur; each with their own specific rates. For this study, the produc-
tion/consumption rates of various species and the total energy are analyzed from the
relationships τα = ρY
α/|SY α | and τSe = ρet/|Se|, respectively, in order to identify
the appropriate chemical scale for these flames. Figure 6.5 presents the normalized
conditional mean chemical time scale, ⟨τ ∗c |ϕ⟩, for oxygen, hydrogen, water, and the
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total energy for both flames. The chemical time scales are normalized by the same
parameters as the flow time scales. The near equilibrium nature of the H2/O2 flame
suggests the proper chemical time scale should be significantly smaller when compared
to the H2/Air flame. Observing Fig. 6.5, only the chemical time scale for hydrogen
is significantly smaller for the H2/O2 flame throughout the entire mixture fraction
space. Chemical scales for all remaining species were examined (not shown) and only
hydrogen portrayed the sought after behavior for the flamelet analysis. Thus, any
reference to a chemical time scale hereinafter will be that based on hydrogen, τH2.
Now that appropriate flow and chemical time scales have been identified, com-
parisons of the current simulations to classical flamelet regimes can be made. These
regimes are usually identified by a Damköhler number which is defined as the ratio
of a characteristic flow and chemical time scale, Da = τf/τc. Flamelet regimes are
marked by large Damköhler numbers; however, flamelet applications cover a wide
range of flows for DaΛ ∼ 1; where DaΛ = τΛ/τH2 is the Damköhler number based
on integral time scales [111]. Figure 6.6 presents conditional mean Damkȯhler num-
bers based on integral time scales, ⟨DaΛ|ϕ⟩, as a function of mixture fraction for
both flames. Near their respective stoichiometric values, ⟨DaΛ|ϕ⟩ ∼ 0.1 and 0.01 for
the H2/O2 and H2/Air flame, respectively. These values suggest the H2/O2 flame
is significantly closer to the flamelet regime than the H2/Air flame. Accordingly,
these simulations should offer characteristic scales that delineate between flamelet
and non-flamelet regimes.
For the H2/Air simulation, the large amounts of local extinction/re-ignition
can lead to local regions behaving as partially premixed combustion after the initial
quenching has taken place [118, 46], the effects of which cause edge flames to evolve
under a different scalar dissipation field than that described by typical non-premixed
flamelet values. Methods have been proposed to overcome this issue by retaining both
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mixture fraction and progress variable information [119, 120]. This “multidimensional
flamelet manifold” method utilizes the mixture fraction and a reaction progress vari-
able to provide information about reacting scalars in regions of non-premixed and
partially premixed or premixed combustion, respectively. The key parameters in this
method are the scalar dissipations corresponding to the non-premixed and partially
premixed regime and a third cross scalar dissipation between the two regimes which
is usually assumed negligible.
A flame index (FI) of some sort is usually defined to delineate between non-
premixed and partially premixed regimes. One such index can be defined by the local





∂xj∣∣∣∂Y H2∂xj ∣∣∣ ∣∣∣∂Y O2∂xj ∣∣∣ , (6.13)
such that FI = −1 and FI = 1 correspond to fully non-premixed and fully premixed
combustion regimes, respectively. Figure 6.7 presents the conditional mean flame in-
dex values in mixture fraction space for both flames at the final simulation time. As
expected, the near equilibrium nature of theH2/O2 flame maintains the non-premixed
flame structure throughout the stoichiometric region (⟨FI|ϕ = ϕst⟩ ≈ −0.99). Par-
tially premixed behavior is observed in the H2/O2 flame; however, these conditions
occur away from the stoichiometric condition where only negligible amounts of oxygen
exist [Fig. 6.3(b)]. For the H2/Air flame, the flame index is still close to non-premixed
at the stoichiometric condition (⟨FI|ϕ = ϕst⟩ ≈ −0.85); however, values suggesting
partially premixed behavior (⟨FI|ϕ⟩ ≈ −0.5) are evident close to the stoichiometric
region. These partially premixed regions suggest an unsteady nature of the flame
response to the scalar dissipation field.
Figure 6.8 presents the normalized conditional mean temperature as a function
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of the normalized conditional mean scalar dissipation field at the beginning (t∗ = 10)
of the H2/Air flame where the behavior is similar to that of a laminar diffusion flame,
and at the end of the simulation (t∗ = 120) where partially premixed behavior is ap-
parent. Each of the two curves traces out a path in mixture fraction space from
the oxidizer stream (ϕ = 0), through the stoichiometric value (ϕst), and then on to
the fuel stream (ϕ = 1). The nature of Fig. 6.8 is that in the lean region (ϕ ≈ 0)
the conditional mean scalar dissipation is relatively small. As the mixture fraction
approaches the stoichiometric value, the corresponding conditional mean scalar dis-
sipation approaches the peak temperature. As the mixture fraction increases beyond
the stoichiometric value, the scalar dissipation field increases to a maximum value and
the temperature decreases. As the mostly fuel region (ϕ ≈ 1) is reached, the scalar
dissipation field relaxes and the temperature continues to decrease to the free stream
value. The unsteady nature of the scalar dissipation field is evident, including the
region near the stoichiometric surface, where a significant decrease in the conditional
mean scalar dissipation field is observed.
The current analysis overcomes one inherent difficulty in modeling a non-
premixed flame with partially premixed regimes as the actual scalar dissipation field is
known a priori (whereas in applications the dissipation must be modeled). Therefore,
reacting scalars can be viewed in mixture fraction space at a known critical scalar
dissipation value (e.g. - the quenching or maximum value). This information is first
presented in Fig. 6.9 where scatter plots of normalized temperature are presented as
a function of the normalized scalar dissipation field on the stoichiometric surface of
each flame at the final simulation time. For the H2/O2 flame [Fig. 6.9 (a)] the range
of scalar dissipation values on the stoichiometric surface covers approximately five
orders of magnitude with only a slight decreasing trend in temperature at the largest
values (χ∗ ≳ 10−3), consistent with the absence of any significant local extinction.
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The contrasting nature of the H2/Air flame is evident in Fig. 6.9 (b) as in-
creasing values of scalar dissipation correspond to substantially decreasing values of
temperature. From this figure, a scalar dissipation value for the H2/Air flame corre-
sponding to a quenched flame can be estimated by considering the location where no
points are within ≈ 10% of the maximum flame temperature, χ∗q ≈ 2× 10−5.
One metric of success (or lack thereof) of the flamelet model is the ability (or
inability) to obtain a functional description of the reacting scalars to the mixture
fraction at a given scalar dissipation value. Figure 6.10 presents the same reacting
scalars in mixture fraction space as those shown in Figs. 6.2 and 6.3 for a particular
value of normalized scalar dissipation. For the H2/O2 flame, χ
∗ = 10−3 is chosen
while χ∗ = χq is used for the H2/Air flame. These values were chosen as they fall
within regions containing flame characteristics well suited to evaluate flamelet model
predictions. Considering the H2/O2 flame, the subset of points at the given scalar
dissipation value do not visually collapse to a single function of mixture fraction for
temperature [Fig. 6.10 (a)] or, in particular, the minor species mass fractions [Fig. 6.10
(e)]. At the stoichiometric surface, the ranges of values shown in Figs. 6.10 (a) and
(e) are similar to the ranges presented in Figs. 6.2 and 6.3 (b) when all χ∗ values are
included. The mixture fraction relationship to the major species mass fractions [Fig.
6.10 (c)] is much more well defined; however, these species are very near to chemical
equilibrium so they are fairly well correlated to the mixture fraction when all χ values
are included [Fig. 6.3 (a)]. The scatter plots for the H2/Air flame at χq also do not
necessarily collapse to a single function of the mixture fraction for temperature [Fig.
6.10 (b)] and minor species [Fig. 6.10 (f)]. At the stoichiometric surface, significant
amounts of points exist within a temperature variation of ≈ 1000K and the minor
species show significant variations as well. For the major species, oxygen and water
do seem to contain a large majority of points that represent a strong functional
170
dependence on the mixture fraction [Fig. 6.10 (d)]. Hydrogen and nitrogen are not
shown as their near chemical equilibrium behavior presents a strong correlation to
mixture fraction even when all χ∗ are considered [see Fig. 6.3(c)].
One way to quantify the correlation between a reacting scalar and mixture
fraction is through conditional rms values. Ideally, the flamelet model minimizes
this value for all ϕ once a particular value of scalar dissipation is known. For the
purposes of this study the conditional mean rms value for a given scalar, Ψ, at the
stoichiometric surface is represented by:
ξϕ = ⟨Ψrms|ϕ = ϕst⟩ , (6.14)
where Ψrms is the root mean square (rms) of Ψ. The double conditioned mean rms
value (conditioned on both the stoichiometric surface and chosen scalar dissipation
value) is then represented by:
ξϕ,χ =
⟨
Ψrms|ϕ = ϕst, χ∗ = χ∗q
⟩
, (6.15)
for the H2/Air flame. Equation (6.15) is also applied to the H2/O2 flame with the
exception that the conditional scalar dissipation value is χ∗ = 10−3, not χ∗q. Table
6.1 provides the ratio of these two conditional mean rms values to the conditional
mean value for all reacting scalars at the stoichiometric surface (i.e. ξϕ/ ⟨Ψ|ϕ = ϕst⟩
and ξϕ,χ/ ⟨Ψ|ϕ = ϕst⟩) for both flames. In the flamelet limit, ξϕ,χ/ ⟨Ψ|ϕ = ϕst⟩ → 0
for all ϕ and χ∗. In addition, for more realistic flames where this limiting behavior
is only theoretical it is expected that ξϕ,χ ≪ ξϕ for flamelet behavior (ξϕ,χ being
a subset of ξϕ). However, ξϕ,χ becomes less important for very small values of ξϕ.
Table 6.1 can then be used to pinpoint those reactive scalars that conform to flamelet
assumptions and those that do not. Considering theH2/O2 flame, the most significant
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ξϕ/ ⟨Ψ|ϕ = ϕst⟩ ratios belong to the oxygen and hydroperoxyl radicals with ξϕ ≈ 22%
of ⟨Ψ|ϕ = ϕst⟩. For the hydroperoxyl radical, ξϕ,χ/ξϕ = 0.63 suggesting a closer
functional Y HO2(ϕ) relationship when χ is specified. On the other hand, there is no
improvement for the oxygen radical Y O(ϕ) functional relationship as ξϕ,χ/ξϕ = 1.14.
Other reacting scalars including temperature, hydroxide, and the hydrogen radical
show no improvement by limiting the set of χ∗ values for the conditioning.
The non-equilibrium nature of the H2/Air chemistry is again illustrated as ξϕ
is within a minimum of ≈ 30% of ⟨Ψ|ϕ = ϕst⟩ for all reacting scalars. For diatomic
oxygen and the hydroperoxyl radical, ξϕ is actually larger than ⟨Ψ|ϕ = ϕst⟩ as these
species are very far from equilibrium and have relatively small conditional means
[see Fig. 6.3 (c) and (d)]. Substantial potential agreement with flamelet behavior is
observed for diatomic oxygen, diatomic hydrogen, and water as ξϕ,χ/ξϕ = 0.3, 0.52,
and 0.44, respectively. Temperature, hydroxide, radical hydrogen, and radical oxygen
do not exhibit this behavior as ξϕ,χ/ξϕ ≈ 0.85 in the best case scenario.
It is generally accepted that the chemical reaction length scales need to be on
the same order of, or smaller than, the Kolmogorov length scales for flamelet theories
to hold [109, 44, 73, 85, 111, 110, 112]. However, the proper chemical reaction length
scale is not easily defined when detailed chemical mechanisms are employed [73]. Most
studies seek a reaction length scale based on mixture fraction, lϕ. Once a suitable
reaction length scale based on mixture fraction is defined, the flamelet regime is then
bounded by lϕ ≲ η, where η = (ν3/ϵ)1/4 represents the local Kolmogorov length scale.
Length scales based on mixture fraction can be defined relative to mixture fraction
gradient magnitudes by [85, 110]:
lϕ =
(∆ϕ)R∣∣∣ ∂ϕ∂xj ∣∣∣st , (6.16)
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where |∂ϕ/∂xj|st is the magnitude of the mixture fraction gradient evaluated at the
stoichiometric surface and (∆ϕ)R represents a variation in the reaction zone of ϕ
space necessary to normalize the length over which the gradient magnitude acts. The
variation (∆ϕ)R is needed even though |∂ϕ/∂xj|−1st is in units of length. The need
for (∆ϕ)R can be shown if we consider, for example, constructing a length scale from
the temperature gradient magnitude. The temperature gradient magnitude alone is
not sufficient for constructing a length scale (i.e.; lT ̸= |∂T/∂xj|−1st ). A variation in
temperature space, (∆T )R, must be introduced by:
lT =
(∆T )R∣∣∣ ∂T∂xj ∣∣∣st , (6.17)
to obtain a length scale. An analogous argument can be made for (∆ϕ)R as well.
Estimating (∆ϕ)R is not necessarily straightforward; however, Bilger [85] estimates
this range as the “length” in mixture fraction space where ∂2 ⟨Ψ|ϕ⟩ /∂ϕ2 is significant
for a reacting scalar, Ψ. Fig. 6.11 presents ∂2 ⟨Ψ|ϕ⟩ /∂ϕ2 as well as ∂ ⟨Ψ|ϕ⟩ /∂ϕ for
several scalars from the H2/O2 flame. From this figure one may estimate (∆ϕ)R and
Table 6.2 presents these estimates for all reacting scalars in both flames. It should
also be noted that sufficiently close to the stoichiometric region, ∂ ⟨Ψ|ϕ⟩ /∂ϕ is indeed
negligible relative to ∂2 ⟨Ψ|ϕ⟩ /∂ϕ2, thus validating the assumptions leading to Eq.
(6.11).
The flamelet regime for each scalar can now be characterized by the ratio of
lΨϕ (where l
Ψ
















suggests that no scalar falls within the flamelet regime. These results are inconsistent
with Fig. 6.10 and Table 6.1 as several scalars in both flames suggest flamelet behavior.
Because of these inconsistencies, this chapter presents a novel reaction length scale for
a given scalar based on properties relevant to the scalar itself, not mixture fraction.
This reaction length scale is defined in an analogous manner to Eqs. (6.16) and (6.17)
by:
lΨ =
(∆Ψ)R∣∣∣ ∂Ψ∂xj ∣∣∣st , (6.19)
where (∆Ψ)R is now the variation in the reaction zone of Ψ space. For this study, this
variation is estimated from the conditional rms value at the stoichiometirc surface [i.e.;










, at the stoichiometric sur-














correspond to temperature (
⟨
ΘT |ϕ = ϕst
⟩




H |ϕ = ϕst
⟩
≈ 10) with the remaining scalars containing ratios⟨
ΘΨ|ϕ = ϕst
⟩
∼ 1. For the H2/Air flame, all of the scalars except oxygen, hydrogen,





results are consistent with Table 6.1 as oxygen, hydrogen, and water also showed the
lowest values of ξϕ,χ/ξϕ. Therefore, Θ
Ψ can be seen as a substantial improvement in
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quantifying reaction length scales over ΩΨ.
6.5 Conclusion
Direct numerical simulations of turbulent reacting H2/O2 and H2/Air shear
layers have been conducted at large pressure including a real gas equation of state,
detailed pressure dependent chemistry, and generalized diffusion models including
multicomponent, differential, and cross diffusion. From these results characteris-
tic turbulence and chemical length and time scales were observed in the context of
flamelet modeling of turbulent combustion. When generalized diffusion models are
used, the resulting flamelet expressions are governed by a coupled set of equations
including several scalar dissipation input parameters. When viewed as a function
of mixture fraction and the standard form of scalar dissipation, several scalars con-
formed to flamelet behavior while many did not. This behavior was attributed to
the appropriately defined reaction length scale of the scalar either falling below or
exceeding the local Kolmogorov length scale. Even at these moderate Reynolds num-
bers, temperature and several minor species variations were shown to contain reaction
length scales larger than local Kolmogorov length scales. However, the equilibrium
nature of the H2/O2 flame suggested most reacting scalars, like temperature, could be
accurately described by flamelet parameters even though the the reaction lengths ex-
ceeded the local Kolmogorov scales by a significant amount. In contrast, the H2/Air
flame had limited success in describing reacting scalars by flamelet parameters as the
finite-rate chemistry coupled with large reaction length scales when compared to local
Kolmogorov length scales led to flame characteristics not accurately represented by
flamelet models.
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H2/O2 Flame H2/Air Flame
Ψ ξϕ/ ⟨Ψ|ϕ = ϕst⟩ ξϕ,χ/ ⟨Ψ|ϕ = ϕst⟩ ξϕ/ ⟨Ψ|ϕ = ϕst⟩ ξϕ,χ/ ⟨Ψ|ϕ = ϕst⟩
T 0.020 0.022 0.28 0.24
Y O2 0.20 0.17 1.49 0.45
Y H2 0.10 0.085 0.55 0.3
Y H 0.14 0.16 0.43 0.37
Y OH 0.097 0.12 0.55 0.49
Y O 0.22 0.25 0.56 0.48
Y H2O 0.040 0.012 0.37 0.15
Y HO2 0.22 0.14 1.26 0.92
Y H2O2 0.14 0.070 0.70 0.46
Table 6.1: Conditional (ξϕ) and double conditioned (ξϕ,χ) rms ratios for all reacting
scalars at the stoichiometric surface.
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Ψ (∆ϕ)R H2/O2 Flame (∆ϕ)R H2/Air Flame
T 0.26 0.056
Y O2 0.17 0.052
Y H2 0.07 0.025
Y H 0.15 0.093
Y OH 0.23 0.096
Y O 0.21 0.058
Y H2O 0.26 0.092
Y HO2 0.11 0.021
Y H2O2 0.09 0.024
Table 6.2: Estimated values for reaction “lengths” in mixture fraction space for all
reacting scalars.
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T 78.3 35.4 19.2 20.5
Y O2 51.2 1.46 17.8 5.33
Y H2 21.1 1.31 10.8 5.57
Y H 45.2 9.80 31.9 18.4
Y OH 69.3 4.88 32.9 46.1
Y O 63.3 3.92 19.9 15.3
Y H2O 78.3 2.29 31.5 3.50
Y HO2 33.1 4.50 15.6 32.4
Y H2O2 38.8 3.75 19.2 27.5
Table 6.3: Conditional mean ratio of reaction and Kolmogorv length scales based on








) for all reacting




Figure 6.1: Centerline temperature contours for the (a) H2/O2 and (b) H2/Air flame




Figure 6.2: Scatter plots of normalized temperature against mixture fraction for
the (a) H2/O2 and (b) H2/Air flame at the final simulation time. Solid lines are
conditional mean temperature values (left axis) and dashed lines are conditional mean




Figure 6.3: Scatter plots of species composition profiles in mixture fraction space






















Figure 6.4: Conditional mean integral, Kolmogorov, and Taylor time scales for each



























































Figure 6.5: Conditional mean chemical scales pertaining to the consump-
tion/production rate of: (a) oxygen, (b) hydrogen, (c) water, and (d) total energy as



















Figure 6.6: Conditional mean Damköhler number based on integral time scales as a

















Figure 6.7: Conditional mean flame index as a function of mixture fraction for both
flames at the final simulation time for (a) all ϕ space and (b) near stoichiometric
conditions.
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Figure 6.8: Normalized conditional mean temperature as a function of normalized




Figure 6.9: Scatter plot of temperature as a function of normalized scalar dissipation






Figure 6.10: Scatter plots of reactive scalars as a function of mixture fraction for
a given value of scalar dissipation at the final simulation for the [(a), (c), and (e)]
H2/O2 and [(b), (d), and (f)] H2/Air flame.
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Figure 6.11: First and second derivatives of conditional mean mass fraction profiles
for oxygen, hydrogen, and water in the H2/O2 flame. The second derivatives are used





This dissertation presented a substantial amount of work relevant to both
turbulent combustion physics and modeling; however, there are still many unsolved
issues for future researchers to address. The subgrid analysis in this dissertation pre-
sented substantial evidence of a non-negligible subgrid mass flux vector in localized
regions of high pressure H2/O2 and H2/Air flames. Hydrocarbon flames were not
analyzed and the relative importance of the subgrid mass flux vector should be ex-
plored in these flames as many practical combustion applications utilize hydrocarbon
based fuels. Proper predictions of heavy hydrocarbons will most likely require the
addition of soot and/or radiation models into the DNS formulation. Furthermore,
in many of the localized regions where subgrid diffusive transport was shown to be
significant, extinction/re-ignition characteristics and pollutant formation are known
to be enhanced for many practical fuels. However, the current a priori studies did not
specifically address these effects. A priori and a posteriori studies on extinction/re-
ignition and pollutant formation with modeled subgrid molecular transport effects
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are then a welcomed compliment to the current subgrid analysis.
The a posteriori studies will require modeling efforts for the subgrid mass
flux vector. The task of modeling the subgrid mass flux is sure to be challenging.
To the author’s knowledge, no attempts have been made to model the subgrid mass
flux vector in either non-reacting or reacting flow settings where a real gas EOS, and
multicomponent, differential, and cross diffusion effects were included. Attempts have
been made to model the subgrid heat flux vector at supercritical pressures [37, 121].
These attempts have considered expansion of the filtered heat flux vector into sums of
terms proportional to thermodynamic and species gradients calculated from resolved
quantities. The leading coefficients for each gradient are then expanded in a Taylor
series with respect to the resolved quantities. The results from these attempts were
not promising as each expansion yielded either cost prohibitive calculations or more
unknown terms that couldn’t be modeled accurately. Another modeling attempt
considered a dynamic/similarity approach of Germano et al. (see [122, 123]). In
this approach, filtered heat flux vectors are calculated at varying filter widths larger
than the grid spacing (termed “test” widths or “test” filters). The subgrid heat flux
vector is then assumed proportional to the difference between the test filtered heat
flux vector and the heat flux vector calculated from primitive variables evaluated at
the test level. The results from this approach showed good agreement between the
true filtered and modeled heat flux vector. A promising aspect of this approach is
that it can be directly applied to the subgrid mass flux vector as well. Testing subgrid
mass flux vector models in both a priori and a posteriori settings is an open area for
future research.
The differential diffusion analysis in this thesis concluded that varying Lewis
numbers have a substantial effect on the overall structure of a flame when finite-
rate chemistry is prevalent. These effects were also shown to increase with pressure.
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In particular, these results are of considerable interest to FDF modeling turbulent
combustion as the vast majority of these models are derived assuming equal and
unity Lewis numbers. When unity Lewis numbers are assumed, a single diffusion
term in the random walk stochastic differential equation for position describes the
entire spatial transport of molecular diffusion. When differential diffusion effects
are included, molecular diffusion must be completely described in the composition
equation. As such, the filtered mass flux vector must be dealt with directly. To date
there have been no attempts to include any subgrid molecular diffusion effects. FDF
methods are currently at the forefront of turbulent combustion models. Therefore,
progress towards a consistent FDF model including differential diffusion and subgrid
molecular diffusion is needed.
The flamelet analysis in the final portion of this dissertation also leaves room
for future research. In particular, the flamelet formulation considering multicompo-
nent, differential, and cross diffusion lead to coupled flamelet governing equations
and solutions have not yet been attempted. A flamelet library containing solutions
to these coupled flamelet equations is necessary for application of the flamelet model
in the presence of generalized diffusion.
There are several more recommendations for future researchers that do not
specifically address a particular aspect of this dissertation. For example, the largest
Reynolds number in this dissertation could at most considered “moderate” when
compared to practical flows due to computational limitations. All of the analyses in
this dissertation could benefit from larger Reynolds number simulations as a broader
range of turbulence scales would help validate the conclusions drawn in each analysis.
Recent increases in computational power are such that significantly higher Reynolds
numbers are feasible and should be conducted if the opportunity becomes available.
Also, the canonical nature of the temporally developing shear layer is limited when
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comparisons to practical flows are desired. As progress in computational capacity
is made opportunities become available to study more complex flows (e.g. - react-
ing jets, combustion chamber geometries, etc.). Comparisons between the results of
this dissertation and more complex flows are warranted as a main goal for all turbu-





Appendix A Additional PDF’s for Subgrid Anal-
ysis







− Jαj (⟨Ψ⟩), relevant to large eddy simulation (LES) of turbulent
combustion modeling. For this analysis, H2/O2 flames corresponding to Run #’s
1-3 and H2/Air flames corresponding to Run #’s 8, 9, and 11 were examined. The





ΓSGS/γSGS (where ΓSGS and γSGS are defined in Section 4.2.5), and ϑSGS/φSGS [where
ϑSGS and φSGS are defined by Eqs. (4.4) and (4.5), respectively] in some of the global
and localized regions defined in Table 4.1. The purpose of this appendix is to provide,
for future reference, many of the remaining PDF’s for various Reynolds numbers
and filter widths that may not have been included in Chapter 4. These PDF’s are
presented first for the H2/O2 flames and are followed by the H2/Air flames. The order
in which the PDF’s are presented for the H2/O2 first include, at each normalized filter




|, followed by the ratio of ΓSGS/γSGS,
and finally the ratio of ϑSGS/φSGS for the Reδ0 = 4500 flame. This order is then
repeated for PDF’s corresponding to the Reδ0 = 2500 flame. Finally, each PDF
is presented in the same order for the Reδ0 = 850 flame at the largest normalized
filter width. After this, the PDF’s corresponding to the H2/Air flames begin. The




|, followed by ΓSGS/γSGS, and
finally ϑSGS/φSGS for the Reδ0 = 4500 flame at the largest filter width. This order
is maintained for the PDF’s corresponding to the Reδ0 = 2500 flame presented next.
The final set of PDF’s are presented in the same order but for the Reδ0 = 850 flame.
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A.1 H2/O2 Flames
































































































































Figure 1: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered

































































































































Figure 2: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered



























































































































Figure 3: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered




















































































































Figure 4: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered















































































































Figure 5: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered


















































































































Figure 6: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered





































































































































Figure 7: PDFs containing ratios of the divergence of subgrid mass (ϑSGS) to turbu-
lent species (φSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b)
stoichiometric conditions, (c) large scalar SGS variance, (d) large reaction rate, (e)
large filtered SGS scalar dissipation, and (f) large temperature SGS variance for Run



























































































































Figure 8: PDFs containing ratios of the divergence of subgrid mass (ϑSGS) to turbu-
lent species (φSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b)
stoichiometric conditions, (c) large scalar SGS variance, (d) large reaction rate, (e)
large filtered SGS scalar dissipation, and (f) large temperature SGS variance for Run















































































































Figure 9: PDFs containing ratios of the divergence of subgrid mass (ϑSGS) to turbu-
lent species (φSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b)
stoichiometric conditions, (c) large scalar SGS variance, (d) large reaction rate, (e)
large filtered SGS scalar dissipation, and (f) large temperature SGS variance for Run
#3 and ∆f/δω0 ≈ 4.7.
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Figure 10: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered


























































































































Figure 11: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered





























































































































Figure 12: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered























































































































Figure 13: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered



















































































































Figure 14: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered























































































































Figure 15: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered











































































































































Figure 16: PDFs containing ratios of the divergence of subgrid mass (ϑSGS) to tur-
bulent species (φSGS) flux magnitudes conditioned on: (a) global mixture fraction,
(b) stoichiometric conditions, (c) large scalar SGS variance, (d) large reaction rate,
(e) large filtered SGS scalar dissipation, and (f) large temperature SGS variance for


















































































































Figure 17: PDFs containing ratios of the divergence of subgrid mass (ϑSGS) to tur-
bulent species (φSGS) flux magnitudes conditioned on: (a) global mixture fraction,
(b) stoichiometric conditions, (c) large scalar SGS variance, (d) large reaction rate,
(e) large filtered SGS scalar dissipation, and (f) large temperature SGS variance for

















































































































Figure 18: PDFs containing ratios of the divergence of subgrid mass (ϑSGS) to tur-
bulent species (φSGS) flux magnitudes conditioned on: (a) global mixture fraction,
(b) stoichiometric conditions, (c) large scalar SGS variance, (d) large reaction rate,
(e) large filtered SGS scalar dissipation, and (f) large temperature SGS variance for
Run #2 and ∆f/δω0 ≈ 4.9.
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Figure 19: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered




















































































































Figure 20: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered































































































































Figure 21: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered


































































































































Figure 22: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered


























































































































Figure 23: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered

























































































































Figure 24: PDFs containing ratios of the divergence of subgrid mass (ϑSGS) to tur-
bulent species (φSGS) flux magnitudes conditioned on: (a) global mixture fraction,
(b) stoichiometric conditions, (c) large scalar SGS variance, (d) large reaction rate,
(e) large filtered SGS scalar dissipation, and (f) large temperature SGS variance for
Run #11 and ∆f/δω0 ≈ 4.8.
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Figure 25: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered





































































































































































Figure 26: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered






































































































































Figure 27: PDFs containing ratios of the divergence of subgrid mass (ϑSGS) to tur-
bulent species (φSGS) flux magnitudes conditioned on: (a) global mixture fraction,
(b) stoichiometric conditions, (c) large scalar SGS variance, (d) large reaction rate,
(e) large filtered SGS scalar dissipation, and (f) large temperature SGS variance for
Run #10 and ∆f/δω0 ≈ 5.2.
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Figure 28: PDFs of ratios of the actual filtered mass flux vectors to those calculated
using resolved variables conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered

























































































































Figure 29: PDFs containing ratios of the subgrid mass (ΓSGS) to turbulent species
(γSGS) flux magnitudes conditioned on: (a) global mixture fraction, (b) stoichiometric
conditions, (c) large scalar SGS variance, (d) large reaction rate, (e) large filtered


























































































































Figure 30: PDFs containing ratios of the divergence of subgrid mass (ϑSGS) to tur-
bulent species (φSGS) flux magnitudes conditioned on: (a) global mixture fraction,
(b) stoichiometric conditions, (c) large scalar SGS variance, (d) large reaction rate,
(e) large filtered SGS scalar dissipation, and (f) large temperature SGS variance for
Run #8 and ∆f/δω0 ≈ 5.5.
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Appendix B Additional Spectra and Planar Statis-
tics for Differential Diffusion Analy-
sis
In Chapter 5, the effects of differential diffusion (DD) on flame structure were
presented from results corresponding to Run #’s 4, 5, 6-9, 12, and 13 in Table 3.1
Among these results were normalized streamwise planar averaged one dimensional
scalar spectra. The nature of these spectra is that they distinguish the length scales
at which the effects of DD are most prominent for a given scalar. Chapter 5 presented
temperature spectra for the H2/O2 and H2/air flames at high pressure (P0 = 125
atm). DD effects were shown to be significant over a broad range of scales for the
H2/O2 flame. However, the equilibrium nature of the chemistry was shown to domi-
nate any effects DD may of had on the flame structure. The temperature spectra for
the H2/Air flames showed the effects of DD to be confined to the higher wavenumbers
(i.e. the smallest length scales). These small scale differences were then shown to
have a significant effect on the overall flame structure. Also included in the results
in Chapter 5 were x1-x3 planar averages for temperature and mass fractions of oxy-
gen, hydrogen radical, and water. These results showed significant effects of DD on
these planar quantities; particularly at high pressure. The purpose of this appendix
is to provide additional spectra and planar statistics for the H2/Air flames over the
entire range of pressure (1 → 125 atm) for a handful of scalars not necessarily shown
in Chapter 5. Regarding the spectra, these scalars include mass fractions of oxy-
gen, hydrogen radical, and water, as well as temperature. For the additional planar
statistics, x1-x3 planar averages for mass fractions of hydrogen, nitrogen, hydroxide,
oxygen radical, hydroperoxyl, and hydrogen peroxide are presented.
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B.1 Scalar Spectra
Figure 31 presents normalized streamwise planar averaged one dimensional
spectra for the oxygen mass fraction at the final simulation time (t∗ = 140) for all
H2/Air flames considered in the DD analysis of Chapter 5 (Run #’s 6-9, 12, and 13).
The DD effects are again relegated to the high wavenumbers with the higher pressure
simulations showing the most significant effects. Similar figures for the mass fraction
of the hydrogen radical, mass fraction of water, and temperature are presented in
Figs. 32, 33, and 34, respectively. For these figures, the spectra corresponding to the
atmospheric pressure simulations almost collapse on top of each other. As the pressure
increases, the DD effects are again clearly confined to the very highest wavenumbers.
These figures speak to the conclusions of Chapter 5 in that small scale phenomena
can have a significant effect on large scale features of the flame; particularly for flames
































Figure 31: Normalized streamwise planar averaged one dimensional spectra for the
oxygen mass fraction considering detailed and unity Lewis number diffusion models
at t∗ = 140 and initial pressure of (a) P0 = 1atm, (b) P0 = 35atm, and (c) P0 =
125atm. E∗(k) = E(k)/ψ”2, where ψ”2 represents the variance of the variable ψ.
































Figure 32: Normalized streamwise planar averaged one dimensional spectra for the
hydrogen radical mass fraction considering detailed and unity Lewis number diffusion
models at t∗ = 140 and initial pressure of (a) P0 = 1atm, (b) P0 = 35atm, and (c)
P0 = 125atm. E
∗(k) = E(k)/ψ”2, where ψ”2 represents the variance of the variable
































Figure 33: Normalized streamwise planar averaged one dimensional spectra for the
water mass fraction considering detailed and unity Lewis number diffusion models
at t∗ = 140 and initial pressure of (a) P0 = 1atm, (b) P0 = 35atm, and (c) P0 =
125atm. E∗(k) = E(k)/ψ”2, where ψ”2 represents the variance of the variable ψ.
































Figure 34: Normalized streamwise planar averaged one dimensional spectra for tem-
perature considering detailed and unity Lewis number diffusion models at t∗ = 140
and initial pressure of (a) P0 = 1atm, (b) P0 = 35atm, and (c) P0 = 125atm.
E∗(k) = E(k)/ψ”2, where ψ”2 represents the variance of the variable ψ. The











Figure 35: Planar mean profiles for mass fractions of: (a) hydrogen, (b) nitrogen,
(c) hydroxide, (d) oxygen radical, (e) hydroperoxyl, and (f) hydrogen peroxide at
























































































Figure 36: Planar mean profiles for mass fractions of: (a) hydrogen, (b) nitrogen,
(c) hydroxide, (d) oxygen radical, (e) hydroperoxyl, and (f) hydrogen peroxide at
























































































Figure 37: Planar mean profiles for mass fractions of: (a) hydrogen, (b) nitrogen,
(c) hydroxide, (d) oxygen radical, (e) hydroperoxyl, and (f) hydrogen peroxide at
t∗ = 140 and P0 = 125 atm.
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